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ABSTRACT 


V /r Symmetry of structural systems arc defined in terms of 
symmetry elements and symmetry operations. It is found that the 
stiffness matrix of any system may exhibit certain symmetries 
directly related to the symmetris of the system. These symmetries 
of the stiffness matrix are found to be their commuting property 
with a set of matrices knows^ as the symmetry transformation 
matrices. When the stiffness matrix is similarity transformed by 
the matrix formed from the eigen ve^WW's of the symmetry trans- 
formation matrices, it gets block diagonali sed . It is also 
shown that load systems have nothing to do with the symmetry of 
structural systems. 

The procedure is applied to reflection symmetric, double 
reflection symmetric, cyclically symmetric (and their combinations) 
structural systems. However, some inherent difficulties and inade- 
quacies are found to be present in such a procedure, e.g. (i) the 
procedure can not be applied if nodes are comming on the symmetry 
planes or symmetry axes, (ii) the procedure can not yield any 
information about the effects of increasing or decreasing the 
symmetry from the out set, (iii) the choice of the co-ordinate 
system and the numbering of degrees of freedom should be of parti- 
cular types^^ 

(^However it is found that the symmetry elements of structural r 
systems form groups (called symmetry group of the system) and 
therefore all the mathematics of the group theory is applicable 
for dealing with the symmetry of the structural systems. It is j j 



found that the stiffness matrix of any structural system 
gets block diagonalised in a co-ordinate system which is 
generated by the projection operators of the symmetry group of 
the structural system. It is seen that all the difficulties 
encountered in the classical matrix method are resolved i.e. 
one can apply symmetry arguments to simplify the problems 
by using group theory even if the nodes are comming on the 
symmetry axes or the symmetry planes. The numberings of the ! 
degrees of freedom and the initial choice of the nodal co- 
ordinate systems are in no way restricted^) '■'The effects of 
increasing or decreasing the symmetry elements are also seen 
from the out set. y'"' 



TABLE OP COM TENTS 


CHAPTER 

CHAPTER 


CHAPTER 


Page 

CERTIFICATE i 

ACKNOWLEDGEMENT ' ii 

ABSTRACT iii 

TABLE OP CONTENTS v 

LIST OP FIGURES 
LIST OP TABLES 
NOMENCLATURE 


1 IN TROLUC TI ON AND LITERATURE REVIEW 1 

2 THE STRUCTURAL SYMMETRY 16 

2.1 Symmetry Operations and Symmetry 16 

Elements 

2.1.1 Notations and Terminology 20 

2.1.2 Examples 25 

2.2 Symmetries of Matrices 31 

2.3 Contributions of Geometry-Topology 43 

and Members Symmetries to Symmetries 

of Stiffness Matrix K 

2.4 Load and Structural Systems 51 

Figures (mostly concerned with 54-65 

this Chapter) 

3 A SEMI -INTUITIVE APPROACH TO SLIPS TRY 66 

(THE MATRIX METHOD) 

3.1 Single Reflection Plane 67 

3.2 Double Reflection Symmetry 94 


3.3 m-fold Cyclic Symmetry 125 

3.4 Complex Symmetries 171 

3-5 Inadaquacies of the Present Method 177 

Pigures (mostly concerned with this 179-18 

Chapter) 



VI 


CHAPTER 4 GROUP THEORY, THE MATHEMATICS OP 187 

SYI'PE TRY 

4. 1 Group Theoretic Definitions, 188 
Terminology and Dotations 

4.1.1 Concept of Groups 188 

4.1.2 Symmetry Point Groups of Structural 197 
Systems 

4.1.3 Subgroups, Cosets and Classes of 199 
Point Groups 

4-1.4 Direct Products 203 

4.1.5 Punctions on a Group .and Class 205 

Functions 

4.2. Representations of Groups 206 

4.2.1 Character of Representation Matrices 211 
or Groups 

4.2.2 Some Relevant Results Related to 214 
characters and Irreducible Repreee- 

n at at ions 

4.2.3 Illustrations 217 

4.3 The Physical Meanings of Represent- 233 
ations 

4.3.1 Generation of the Symmetry Adapted 238 
Basis 

CHAPTER 5 APPLICATION OP GROUP THEORY TO 244 

SYUUE RIO AL STRUCTURAL SYSTEMS 

5.1 General Considerations 244 

5.2 Linear Structural Systems and Block 247 

Diagonalization of Stiffness 
Matrices 

5.3 The Results of the 3rd Chapter 262 

and Generalization. 



Yll 


Page 


5.3.1 The Structural Systems with the Symmetry 262 
Groups C.^ , Cg or Sg 

5.3-2 The S t ru c tur al S y s 1 3 ms wi th the 275 

Symmetry Groups Cg^s ^ 2 Y 1 8X1 ^ ^2 

5.3.3 The Structural Systems with Symne try 281 

Group 0^ 

5.4 Higher Symmetries in Structural Systems 290 

5.4. 1 The Group C^ v 290 

5 . 4.2 The Group C^_ v . 297 

5.5 Symmetries of Normal Modes in Non- 300 

linear Vibrations 

Figures .... ... 306 

CHAPTER 6 CONCLUSIONS MD ESCO^TSNDATIONS T :R FURTHER 307 
RESEARCH 

APPENDIX IRREDUCIBLE REPRESENTATIONS AND CHARACTER 314 

TABES S OF VARIOUS GROUPS. 

REFERENCES - 318 



Till 


FIGITH3 

1 . 1 
1.2 

1.3 

2 . 1 
2.2 

2.3 

2.4 

2.5 

2.6 

2.7 

2.8 
2.9 
2. 10 
2 . 1 1 

2. 12 

2. 13 

2. 14 

2. 15 
2. 16 


LIST OF PI GUESS 


NO. TITUS PAGE 

Division of Area of An Equilateral Traingle 5 

in Two Equal parts t>v a Shortest Curve 

Inversion Symmetric Star Frame 12 

Two Different Ways of looking at the 54 

Symmetry, of a Spring Mass System 55 


Symmetry Elements of a Tetrahedral Frame 

Inversion Symmetric Frame 

Tran station ally Symmetric Truss 

ii ii ii 


Translationally Symmetric Grid Work 

Magnified Translational Symmetry 

Reflection Symmetric Spring-Mass System 

PLeflection Symmetric Planer Truss 

Two Dimensional Orthogonal Grid or 
Cable Network 


Spring Mass System With Symmetry Elements 
C, Gy cr® , , and 

Triangular Frame " ” :5 " i! 

Spring Mass System with Symmetry Elements 

(2, 0 6? c|, cr^ ...^ ) 

Hexagonal Frame " if " " n 


Frame with Symmetry 
b c 


<r 

V 


<r- 

v 


a~ 

h ? 


3; 


Si 


lleraen ts 


, a 


,b 


n ri2 

^ y 9 

an d C 2 • 


5 6 
22 
57 

57 

58 

59 
25 
25 

60 

61 

61 

62 


63 

64 


9 



IX 


Page 

2.17 A Geometrically TJn symmetric But Structurally 30 

I 

Symmetric Beam 

2.18 Repititive Symmetry in a Cantilever 31 

2.19 A Geometrically and Materially Unsymme trie 65 

but Structurally Symmetric Truss 

3. 1(a), (b), (c) and (d) The Structural Systems which 179 

can be dealt by the Semi-intuitive 
3.2(a), (b) and (c) Approach the Matrix Method. 180 

3.3 Any General Reflection Symmetric Structural 68 

System 

3.4 Spring Mass System "With Reflection Symmetry 83 

3-5 Truss With Reflection Symmetry 88 

3.6 Any General Double Reflection Symmetric System 181 

3.7 2x2 Cable Wet Work System 111 

3.8 4x4 Cable Wet Work System 182 

3 . 8(a), (b), (c) and (d) The Subsystems of Fig. 3«8 183 

3.9 2 x 2 Square Orthogonal Simply supnoerted 

Grid -Work 4 

3.10(a) The Spring Mass System with Symmetry 

Elements 7, C, c 2 , <71=^ , OZ= <yk cr= rr 185 

■> 5 ? 1 v ’ 2 (Jy 

3.10(b) The co-ordinate system chosen for the ^ 0 ^ 

above system 

3.10(c) The Mode Shapes of the Above System 186 

3.11 The Spring Mass System With Tripple Orthogo- 186 

nal Planes of Symmetry 

5.1 Spring-mass System With Symmetry Group 306' 

C-jk and Springs Being Non-linear 

5.2 The Non-linear Spring Mass System with ■ 306 

Symmetry Group C^_ v 



LIST OP TABLES 


Page 

TABLE 10 o ■ TITLE O'* THE TABLE 

3.1 The Stiffness Matrix For the Truss of 90 

Pig, 3*5 

.3.2 Various. Matrices Corresponding to 115 

4 x 4 Gable Let ¥ork of Pig. 3.8 

3.3 The Stiffness Matrix for the 2x2 Grid Work 121 

of Pig. 3*9 (Considering the symmetry C 2v ) 


3.4 The Same as 3.3 But By Considering The 160 

Symmetry 


4.1(a) 
4. 1(b) 

4.2 

4.3 


4.4 


4.5 

4 . 6 


Group Multiplication 


t! ?? tt 

ft ?! ft 

?! ft It 

ft ft ft 

ft ft ?! 

ft ft ?? 


Table Por the Group 0^ 192 
n tr 192 

11 ” C 2v 192 

” C 3v 193 

" ” c 4v 193 

" " C 6v 194 

!! M T) lOg 

ph 


4.7 The Irreducible Representations Por the Group 

°1h 219 

4.8 " " " " ” c 2v 219 

4.9 » » » " ” c 5v 219 

4 . 10 The Character Table Por the Group C^ v 219 

4.11(a) The Irreducible Representations Por the 231 

Group C, v 

4.11(b) The Character Table Por the Group C^ 231 

4.12 The Irreducible Representations Por the 231 

Group C m 



XI 


*5.1 Effects of the Symmetry Operations By 
On The Basis Vectors of Big. 3.10(a) 


291 


5.2 Effects of the Symmetry Operations by 0^ v 297 

on The Basis Vectors of Big. 3-9 

5.3 Effects of the Bymmetriy Operations By on 303 
the Basis Vectors of *'ig. 5.2 



( a) 

CAPITAL LI 

U OMEU C LA TUBS 

TT5RS WITHOUT SUFFICES 

A, B, 

0, D s 

Sub-matrices of stiffnes-s matrix 

T?l 

J2i 

0 

0 

Identity symmetry element 

P 

« 

Force vectors 

G 

s 

Groups, Force vectors 

H 

<3 

0 

subgroups of groups 

I 

* 

0 

Identity matrix 

K 

0 

Stiffness matrix 

L 

.4 

Linear operator 

M 

0 

Mass matrix 

K 

0 

Humber of degrees of freedom 

P 

0 

Force v'ec to rs 

R 

0 

a 

Representations 

S 

0 

0 

Member stiffness matrices, Similarity 

transformation matrices. 

T 

8 

a 

Transformation matrices 

U 

• 

De forma ti on p'o ten ti al e ne rgy 

V 

0 

General Wee tors 

X 

3 

Displacement vectors 

V 

0 

0 

Displacement vectors 

(b) 

CAPITAL LITERS WITH SUFFICES; 

A i 

0 

Transformation matrices, Submatrices 

of stiffness matrices 

B i 

0 

Sub-matrices of stiffness matrices 

C i 

a 

Sub-matrices of stiffness matrices 



XI 11 


' J n 

V 

G nh 

T>(g ± ) 


^nh 


K 


1 


K iD 


P 

iO 


(k) 




n 


Axis of symmetry, Symmetry Element, Cyclic 
Group of order n. 

The groups containing group and n-planes 
of symmetry passing through 0 . 

The groups containing C^ group and one plane 
of symmetry perpendicular to 0 . 

The representation matrices of any group 

The group containing n two-fold axis along 
with C n group. 

The group containing a reflection plane 
perpendicular to 0^ along with.C group. 

The 1-th class of a group, class sum of the 
1-th class 

The submatrices of stiffness matrices. 

Projection operator for the k-th irreducible 
representation with ij • element of the 
representation matrices. 

The m-th irreducible representation of any 
group . 

The symmetry element S n = (7^ C^, group 

containing S and its powers. 


( c ) SMA LL LETTERS 


a, b, 



Any variable 

Basis, member deformation vector 

Basis vectors 

ith element of any group 



x±v 



i 


k 


r 


r i 


ith element of any subgroup of a group 

Inversion symmetry element, any running suffix 

Character of a group element 

lumber of classes in any group; cxny running 
suffix 

Humber of elements in i-th class. 


(d) G-II51K EB'IVEEHS 




Reflection plane, and the corresponding 
symmetry plane operation 

m-th reflection plane and the corresponding 
symmetry operation 



£h 

d. 


m-th reflection plane passing through the 
principal axis and the corresponding symmetry 
operation 

Reflection plane perpendicular to the principal 
axis and the corresponding symmetry operation 

Angle, Roots of a polynomial 


0 


m 




m-th root of unity 
A general eigen function. 



CHAPTER 1 


INTRODUCTION AND LITERATURE REVIEW 


The ward symmetry has beer derived from the 
Greek word symmetria (1) which literally means harmony, 
balance in proportions of parts to the whole, repetition 
of similar objects etc. etc. This sort of meaning of the 
word symmetry is vague and is not all that for what it 
is used in daily life. It becomes essential to under- 
stand the context in which it is referred to e.g* one 
says symmetry of head and tail of a coin determines the 
probability of occurrence of head or tail to be i if 
coin is tossed, the equation of equilibrium for in-plane 
forces for shells or plates in one direction can he 
immediately written from that of the second direction 
from symmetry. Prom symmetry the laws of mechanics 
should hold good at Mars etc. It is now very clear that 
defining symmetry in particular terms is not at all 
adequate and a generalised definition is needed. This 
job can be accomplished by modern mathematical language 
which talks with no reference to particular objects or 
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phenomena, as has been very clearly discussed by 

Sawyer (2). This will be the language followed in this 

thesis. 

looking back in to history, one can see that the 
development of the concept of symmetry starts on two 
grounds, one, on philosophical grounds and the other from 
aesthetical grounds. 

Indian Upanisdic philosophy talked of symmetry of 
Universe and Brahman by saying that Brahman has transformed 
itself to create universe while weastern philosophers 
talked of God putting life in Adam fromH.is right hand 
through Adam's left hand. This latter view shows the 
concept of mirror symmetry between God and Adam but at 
the same time distinguishes left from right. The scientific 
thinking till recently has sided the former. (Recently 
lee has demonstrated the distinction between left and 
right the so called "Non-conservation of parity'!). The 
important philosophical findings of Aristotle is also 
worthy of mentioning here. He argued that universe must 
be spherical because God likes symmetry and the most 
symmetrical shape is sphere. Needless to say the 
laws of mechanics have always been discovered from the 
concept of symmetry. The symmetry o f "he re" an d "the re", 
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the symmetry of "now” and "then” constitutes the laws 
of classical mechanics including the theory of relativity 
of Einstien. The symmetry of particles and waves has 
given rise to quantum mechanics (3, 4, 5). These 
symmetries were explicitly exploited by Lagrange, Hamilton 
Jacobi and Neother. They formulated mechanics as 
invariance principle, which yielded the conservation 
laws of mechanics as a corollary due to various 
symmetries of nature (6) . These points have been 
beautifully discussed by Lanzocs (7). 

Egyptians, Babylonians and Chinese used symmetry 
in the architectural designs of buildings, windows, 
paintings etc. An extensive account of this aspect has 
been given by Hermann Weyle in his monograph on Symmetry 
(8). Plato and Aristotle maintained that symmetry is 
both necessary as well as sufficient for beauty. In 
this context Plato’s traingle is very famous. He says, 
"How, the one which we maintain to be the most beautiful 
of all many traingle s is that of which the double forms 
the third traingle which is equilateral”. He further 
says that measure and porportion always pass into 
beauty and excellence. Almost a similar view was also 
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held "by Aristotle. However latter mathematecians and 
philosophers like Descartes, Leibnitz, Buler, Helmholtz, 
Syleoester etc. argued that symmetry is only a necessary 
condition for beauty. An exhaustive study has been done 
by Birkhoff (9) who again emphesizes the symmetry as a 
necessary condition for beauty. He gives a mathematical 
formula for the aesthetic measure of an object belonging 
to a class in which the comparision of aesthetic value 
is possible. His formula states that aesthetic value of 
an object is proportional to its order and inversely 
proportional to its complexity. Hamlin gave his first 
law of archetecture which emphesized the presence of 
mirror symmetry of a building (1) and most probabily this 
is the reason most of the structures are having mirror 
symmetry. Prom all this it can be seen that earlier 
people have meant two different kinds of symmetries, 
physical and geometrical and have used these mostly 
qualitatively or in general terms only. People of recent 
times have made use of this concept in more fascinating 
way. As an example consider the following problem of 
calculus of variations Given an equilateral triangle 
(Pig. 1-1 ), it is required to divide this by a curve joining 
one point each from, one of the two opposite sides such 



5 


that area of the triangle is divided and at the same 
time the curve has a minimum length. 


This problem is an extremely 
difficult problem of calculus of 
variation. However, if the concept 
of symmetry is applied, the problem 
becomes extremely simple. let us 

go on rotating the triangle about 
one of the two sides A3 or BC 
5-times till a closed hexagon is 
formed as shown in Big. 2. The 
arc of Big. 1 form now a closed 
curve inside the regular hexagon. 

How, since one knows that for a 
given area, the curve which has the least perimeter is 
circle. Hence PQ must be an arc of a circle and so the 
problem is solved, because if a is side of the triangle 
then GP = OQ = &( ) 8 . Similar arguments can be 

applied for isocles triangles and for many other geometrical 
figures. Similar examples can be found in a recent book 
by Saaty ( 10) . 


C 



Big. 1 . 1 



Coming to the structural mechanics one finds 
that Maxwell was one of the poineer interested in this 
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aspect of structural mechanics. His reciprocaty theorem 
is known to every one. This symmetry is due to the 
inherent symmetry of assumed linear laws and has no 
connection to the geometric symmetries inflicted hy 
designers. In this regard it is worth mentioning that 
a similar reciprocaty theorem was derived by G-reen for 
electrostatic conductors much earlier to Maxwell’s theorem 
for elastostatic (11,12 and 13). "What Maxwell had to do 
most probabily was to change the terminology. In fact 
electrostatics and elastostatics are mathematically one 
and the same if one describes the latter by a set of 
generalised co-ordinates which can be seen from the 
following. 


El ectrost a tics 

Set of conductors 
Charges (Q^, Q 2 , . . . Q n ) 

Potentials (V^,V 2 ,. . . V ) 


Elastostatics 

Set of nodal degrees of freedom 

Displacements on the nodal 
points X 2 , X^) 

Forces on the nodal points 

< r i> ? 2> — ? n > 
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i 

*r 









r~ - 



q 2 




CM 

>> 
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X 2 


=r 

C 





=3 

K 



• 




c 


* 




• 

« 




• 


a 

’ 



• 



* 

f 

o 


• 

Qy, 


V 


F 


X 

n 


n 


n 


n 

■*. ■***- 


i* _ 


- - 


— 


w = £ Q t sq = £ y t cv 


¥ = £ X T KX = £ fe 


G = C T S = S T = 0 "*= (O" 1 ) 1 K = K T A=A T =K ^(K -1 ) 1 
Due to Green ( 1828) Maxwell (1869) 


Hence the reciprocal theorem should be called 
Green-Maxwell-Beti reciprocal theorem or just Green's 
theorem. There is another theorem due to Maxwell which 
reads as 


Y 


t 



n 



i=1 



(14-16) 


where Y^, V Q , O' are the volumes and stresses in 
tension and compression members respectively and 
are the nodal forces and position vectors w. r.t. an 
arbitrary origin respectively. In some cases 
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it can be seen that this theorem implies that symmetry 
is an "optimality" in structural design. That symmetry 
is "Optimality" has been discussed by Kiefer (17) in 
connection with decision theory depending upon the 
nature's move. Intuitively one always first thinks of 
structures with certain symmetry which turn out to be 
optimal in some cases but attention has not been given 
to the role of symmetry in optimization. 

Another area of structural mechanics where symmetry 
has been utilised is the "Buckling of frames". The 
workers of this field however have exclusively associated 
the symmetries of Loads with that of structures without 
clearifying the reasons of doing so. In this area people 
have followed two approaches, one is that of guessing the 
mode shapes in tune with the symmetry of structural 
systems and load systems (18,19) and the other is 
that of hypothetically dividing the whole structural 
system in to symmetrical components and then to follow 
the various algebraic routines available (20,21,22,23)* 

The former approach except for trivial cases of mirror 
symmetry where one guesses the so called symmetric and 
antisymme trie mode shapes, seems to be cumbersome and 
unjustified while the latter creates confusion with 
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regard to the diversity of available algebraic methods 
and unsound physical reasoning. Also, these methods lack 
in explaining the role played by load symmetry. One 
does not understand as to which one of the structural 
symmetry or the load symmetry is more important. 

The literature is full of the examples with 
mirror symmetry but more complicated symmetrical structures 
have been dealt only by few. The note worthy is the work 
of Stavaraki (18) who applied the intitutive method 
of guessing the modesahpes for hexagonal space frame. 
Renton (20,21) has discussed various types of symmetries 
and applied the theorem of Burnside to factorise the 
determinant al equation determining the critical loads. 

His approach is confusing due to the use of various 
results without any explaination. As discussed above, the 
approach presumes the similar symmetry for load 
system also without explaining why it does so. Also, 
the procedure by its inherent inadequate methodology 
fails to deal with analysis and vibration problems 
along with buckling at a str^ch. 

Hussey (22) divides the cyclically symmetric 
system into various symmetric components what he calls 
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the subframes arid ther applies arguments of symmetry 
to simplify the structure of total stiffness matrix. 

After that, he applies what is known as ’’finite 
Fourier transform” without explaining as to what makes 
him to do that. Once again, as pointed out earlier, he 
mixes up the force system and structural system in argu- 
ing the symmetry. 

Salem (23) has discussed the mode-shapes for 
buckling of mirror symmetric frames with mirror symmetric 
loads. He quotes two statements determining the mode 
shapes and critical loads, without giving any proof. 

He justifies his statements by giving various examples. 
His first statement which is universal follows immediately 
as a corollary of the present work discussed in 3rd 
Chapter. His second statement is a conditional one and 
depends upon the inner structure of the problems and does 
not follow from the mere symmetry. 

Another field is that of free vibrations of the 
structural systems. To author's knowledge except for 
the trivial case of mirror symmetry no one has applied 
the symmetry arguments in this area. Only physicists 
have made use of the symmetries of molecules in predicting 
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their mode shapes. Various excellent looks are available 
on this topic (24-30). 

Yang (31) has applied the arguments of symmetry 
to predict the mode-shapes of non-linear vibrations 
of symmetric systems. He uses the concept of phase 
space and divides the whole phase space into invariant 
sub-spaces. The concept is unnecessarily complicated and 
a partial amount of informations can be obtained by the 
method of III Chapter of the present work. The Chapter V 
can yield all the results of Yang more excellently. 

One of the important area in which symmetry has 
been understood to be the mirror symmetry only is 
structural analysis. People have handled the mirror 
symmetry by breaking the total problem in two sub- 
problems what they call to be the symmetric and anti- 
symmetric parts of the problem. It can be easily seen 
that such an approach is bound to fail if there are compli 
cated symmetries e.g. two orthogonal planes of symmetry, 
cyclic symmetry etc. In this regard Broek's (32) two 
rules what he calls the rule for symmetry and the rule 
for antisymmetry are interesting to note: 
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Rule for Symmetry ; 

n A structure subject to a certain loading condi- 
tion is said to be symmetrical about an axis of symmetry 
when, on being turned about this axis through 180°, the 
resulting structure and loading are identical. with the 

original . 

Rule for 


A structure subject to a certain load condition is 
said to be anti-symmetrical about an axis of antisymmetry 
when, on being turned about this axis of anti-symmetry 
through 180° and the sense of the loading reserved, the 
resulting structure and loading are identical with the 
original. 


The load here once again is being associated with 
structural system while applying the symmetry arguments. 
This is not at all needed. 

not 

People (33) have /recognised the symmetry of the 
system like stair frame shown in Pig. 1.3 
,1 ( 5 , 1 , 1 ) 


■r 

.1 


Uj) 



(S 1 ? I > L-] ) 


- , (S,I,L) |l 

(-x,y) r ' ? 

Pig. 1.3 Star frame with inversion symmetry 
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The excellent monograph of Parke s (16) also 
illustrates the use of symmetry for simplifying the mirror 
symmetric structural problem. Almost all books on 
structural analysis illustrate the use of mirror symmetry 
for simplifying the analysis problems by using the 
similar approach as that of Parke s (16). In a nutshell 
the meaning of symmetry in structural analysis has confined 
to mirror symmetry only for which people have found it 
convenient to split the problem in symmetric and anti- 
symmetric parts of the total problem. 

In continuum mechanics however symmetry has taken 
profound attention and specially in non-linear continuum 
mechanics one needs many many symmetry arguments to 
simplify the constitutive relations. The work of Green 
and Adkins (34) is noteworthy. However there is a basic 
difference in symmetry of a continuum and that of a 
structural system. In a continuum one works with a combi- 
nation of what are called point symmetries and translational 
symmetry. While in structural mechanics one has to deal 
with only point symmetry viz. in a continuum one concentrates 
just at one point of the continuum and hence has to 
consider the mechanical behaviour only in different 
direction at that point, while in structural mechanics 
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the whole of the structure has to he considered at a 
time and hence the corresponding symmetries have to he 
used. Note that the point symmetry does not mean that 
symmetry at a point but that symmetry in which at least 
a point remains unchanged under symmetry transformations. 
This aspect will be dealt in detail in the following 
Chapter. 

Recently, the use of algebraic invariants to 
continuum mechanics has taken much attention (35). 
Invariant and symmetries are very closely connected. 

The second chapter developes the language for 
describing symmetry and deals with the various kinds of 
possible structural symmetries with the help of what 
have been termed as symmetry operations and symmetry 
elements. It is shown that the symmetry of structural 
system has nothing to do with the symmetry of load systems 
In order to be able to distinguish between the configur- 
ational symmetry and elemental symmetry a different 
definition for the structural system is evolved and 
from that it is shown that even without configurational 
symmetry, there can be structural symmetry so far as 
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its role to simplifications of problem is concerned. 

The structural symmetry can show up in total stiffness 
or flexibility matrix in the form of matrix symmetries. 
For this a broad meaning of matrix symmetry is given. 

The third chapter starts with mirror symmetry 
and goes upto cyclic-reflection symmetry. Side by side 
the structural symmetry is cast into stiffness matrix 
and the resulting simplification is worked out. Illust- 
rative examples are also given for each kind of symmetry. 
The chapter considers analysis (bending), stability, 
and vibration problems at a stretch. Finally the 
inadequacies of the method, which are present in almost 
all classical method of using the symmetry arguments 
are pointed out, and so a need for better algebra is 
felt . 

Then in the fourth chapter "Group Theory" 

(the mathematics of symmetry) is developed from physical 
view point. 

The fifth chapter then exclusively deals with the 
application of group theory to symmetric structural 
problem and various difficulties encountered in the 
Third Chapters are shown to get resolved by the use of 
this approach. 



CHAPTER 2 


THE STRUCTURAL SYMMETRY 

2.1 SYMMETRY OPERATIONS AND SYMMETRY ELEMENTS: 

To start with, consider the simplest mechanical 
system, the spring mass system shown in Pig. 2.1. Let 
the corner masses Toe named A, B, and C. Since the 
masses and springs are exactly similar, one can not 
physically distinguish between these masses. However, 
in order to describe any. configuration of any mechanical 
system one needs a co-ordinate system. Thus in Pig. 2.1 
there are three possible co-ordinate systems w.r.t. which 
one has exactly similar configurations, i.e. description 
of mechanical state w.r.t. any of the three co-ordinate 
system is exactly same except for the name which does 
not play any role in mechanics. Here if one looks care- 
fully, observes that the co-ordinate system of (b) and 
(c) are obtained by rotating the co-ordinate system of 
(a) by 120° and 240° respectively. Thus, if instead 
of rotating the co-ordinate system, one rotates the 
mechanical system itself by 120°, 240° respectively in 
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opposite direction to that of earlier rotation, one 
gets three configurations shown in Mg. 2.2 with a single 
co-ordinate system. As discussed earlier, these config- 
urations are indistinguishable ; i. e . their descriptions 
w.r.t. the chosen co-ordinate system is one and the 
same so far as mechanical behavior is concerned. The 
rotations by 120°, 240°, therefore, do not change the 
system. Putting in another way, the cyclic interchanges 
of the masses A, B, and 0 do not change the system. Such 
interchanges which do not change the configuration of 
a mechanical system are called symmetry operations. 

One question arises here. 'Why only the cyclic inter- 
changes of the masses do not change the configuration? 
Will any arbitrary interchange affect the mechanical 
system? The answer to these questions is negative. 

So the definition of symmetry operation is; 

"A symmetry operation in a mechanical system is 
any operation whereby some or all identical parts of 
the system are moved about in such a. way that the 
result is indistinguishable from the original mechanical 
system" . 
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For the sake of completeness identity operation 
given 

or no operation is also/as one of the symmetry operation. 
Hence every mechanical system is having at least one 
symmetry operation (the identity operation) under which 
the system results into itself. 

From the definition of the symmetry operation 
it is seen that every operation is associated with a 
mathematical entity known as "mapping”. These are 
special types of mappings and are named as "symmetry 
elements”. Thus if a symmetry element is associated with 
a given mechanical system, then under the operation of 
this element (what has earlier been called as symne try 
operation), the resulting configuration of system remains 
indistinguishable from the original configuration. 

These elements are basically the following: 

1. Reflection across a plane, about a point etc. 

2. Rotation about an axis 

3. Translation 

and a combination of all these. 

e.g. a if a structure has two symmetry elements: 


(i) Identity : E 
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(ii) A reflection plane ? O 

then the structure is said to be mirror symmetric 
and if it has n-elements i 

Identity, S 

2 n 

A rotation by named 

2 nr 2 

A rotation by 2— — named 

« « * » 9 0 « 

/ \ 2 xi — 1 

and A rotation by (n-1) — named C 

J n n 

Then the structure is said to be cyclically symmetric. 

Referring to the Rig. 2.1 or 2.2 one can see 
that there are 6-elements of symmetry under which the 
system's configuration remains indistinguishable. These 
are following; 

Rotation by 120° about an axis passing through the 
center of the system named 

Rotation by 240° about an axis passing through the 

2 

center of the system named . 
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Ee flection about the plane perpendicular to the 
plane of the system and passing through "A" and the 
middle point of the lin e joining 30 named • 

Similar reflections passing through B and C and the 

middle points of the springs opposite to them, named 

o c 

respectively as and 0 ? . 

Thus for the above system one has the following set of 
symmetry elements: 

-n. n P 2 a ,_b 

3 3 v v v 


2.1.1 Notations and Terminology: 


: stands for following: 


(i) symmetry element corresponding to a rotation 

2n 


by 


n 


(ii) Axis of rotation of order n, 


: stands for an element corresponding to a 

n 2 n - 

rotation by m ~~ 


mC^ : stands for a set of symmetry elements with 


2 3 

’m’ members, namely 0^, 0 n 


,m 

J n c 
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Note that a system may have more than one axis 
of symmetry of different or same order e.g. a sphere 
has an infinite number of axes of symmetry of infinite 
order, a tetrahedral frome shown in Fig. 2.3 has 4 
axes of symmetry each of order 3, the frame shown in 
Fig. 2.16 has one three-fold axis and three two-fold axes 
of symmetry. In such cases, the axis with highest order 
is called as principal axis. 

<T : stands for re flection across a plane ( or Hie reflect- 
ion plane) other than the one which is perpendi- 
cular to the principal axis. 

c'k : stands for reflection across that plane (or the 
reflection plane) which is perpendicular to the 
principal axis of symmetry. 

- i stands for reflection (or the reflection plane) 
when there is onlv one reflection plane and no 
axis of symmetry is considered. 

,< r 

'"m ; stands for m-th reflection or reflection plane 
when there is no reflection plane perpendicular 
to the axis of symmetry. 

i t stands for inversion under which every point 
(x, y, z) is changed to (-x, -y, -z) and for 
a planner system it is meant that under this a 
point (x,y) is changed to (-x, -y). 





Note that the planer inversion Is nothing but a C 9 
The examples of 
inversion symmetric 
systems are frames 
shown in Pigs. 1.3 
and 2.4 

Pig. 2.4 Inver sion symmet ric 
frame 



Consider now the frame shown in Pig. 2.16. 
let us rotate the structure about C^ by 120° and 
then reflect across This operation may be 

written as 0^. The result of this operation is 
seen from the following scheme 


A 

V h °3 ^ A' 


B C 

3’C * 



CAB 

(ft f A t p ! 
j jrx. > 


) = ( 


C'A'B* . 
£CA B / 


Please refer to 
page no. 29 


where A, B, C and a', B’,C’ are nodes of structure 
and C^ rotates by 120 m counter clockwise direction 
and then <5^ interchanges the lower and upper-nodes. 

It can be seen now that the resulting configuration 
is not obtainable from any of the symmetry elements 
given earlier. Thus £5^ C^ is a new symmetry element. 
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These symmetry elements are called improper rotations, 
in the sense that they involve reflections along with 
rotations. The notation for these is given as below. ' 

k 2 ^ k 

3^ ; stands for a rotation by — — followed by a 

reflection across a plane perpendicular to C . 

So far the translation has not been discussed. 

This symmetry element is usually absent from engineering 
structures because of their finite extent. However to 
an approximation one can assume this element to be 
present in structural system as has been done by 
Renton (20, 36). Ry introducing this basic element of 
symmetry - one can generate many many new symmetry elements 
by multiplying this element with, all other elements. 
Usually there are two types of translational symmetry 
elements defined as folio ws* 

T s a simple translation where one part of the 
system is translated by one unit in a given 
direction, without any resulting change in 
configuration of the system. (See Rig. 2.5> 2.6 
and 2 . 1 ) . 
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i 


T(t) i a magnified translation, where translation 
is followed by a magnification of what is 
being translated and also, the unit of trans- 
lation is changing with the number of translations 
performed. This generates what is known as repe- 
titive magnified symmetry (8) and is shown in 
(fig. 2.8). 


The translational symmetry is not discussed here 
any more for the simple reason that it requires either 
an infinite extent, or a cyclic structure. The former 
does not exist in engineering and the latter has already 
come in C n etc. and so the basic symmetry elements are 
only 

S , (V , , 0 , S , i 

’ v bJ n ? n ? 

Recall that <T , 0^, are not just one element 

each but are representing a collection of elements e.g. 
for the structure shown in fig. 2. 16. One has following 
element s % 


y 



...a 

' V » 


.Jo 

' V 


„.c 

’ ' V 


h 


«a 

' 2 ? 




E, 


f 


9 
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No te ; The multiple wsage of same symbols (e.g. G n , 

etc.) should not produce confusions regarding their 
meanings in a given situation. 


By now the language of symmetry has been fully 
developed and one is in a position to say that a parti- 
cular structure has particular symmetry by enumerating 
its symmetry elements. 


2.1.2 Examples 
Example 1 

Consider the spring mass 
system of Big. 2.9 or the 


1 4$ — 


./ 


Ref le ction 
plane 


k 


truss of Pig. 2.10. E ach ||-vA A )vyH3- ? ^ 
of them is seen to have 


m 


k 2 ; ‘ & 2 

v— 

YW, 


i 


m 


two symmetry elements, 
namely. 


i 



to right and vice-versa. 


Pig. 2.10 


J4A4L4 , 


Under h one gets the original configuration. 
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Example 2 

Consider the system shown in Big. 2.11, which can 
be either taken as a cable network or a planner ortho- 
gonal grid work. The symmetry elements are 


E 





rx 


-'2 




0 


2 ’ 


If the four quadrants are 
system can be considered as 
various symmetry operations 


named A,B,C and D then the 
mnemonic fo { 5] 311 <3 

are s 


E 


C >■ 


A j B j pr i A 

1 * '.•-A : . i 

B ! 

|B ! A 

! j 

!c j D j Me j D ! i 

_D ]_ C_ 


JA 

Bj 

jo j D| 

1 A 

B '1 

l 

p c 

ip 

"IT 

! A ! B i 

L i 

°2 ; C ! 

D j 

= I B ! A 


Example 3 

Consider now the spring mass system and frame 
shown in Eig. (2.12) and Eig. (2.13) respectively. Both 
of the systems have same symmetry elements; namely? 

2 

E, C^, C^, OC|, A 2 and p - 

Let us represent the structure by mneonic (A,B,C) 
where A, B, and 0 are the name given to the three 




nodes. Then various symmetry operations can be 
represented ass 

E (A B C ) - (ABC), C 3 (A B C) = (C A B) 

g 3 (a b c) = (boa), r;(A bo) = (a g b) 

CX 2 (A B C) = (C B A) ,<T (a B C) = (B A 0) 

Example 4» 

Consider the 13-masses 42 springs system and 
the hexagonal space frame shown in Pigs. (2.14) and (2.15) 
respectively. As one can see that these two systems 
have similar symmetry elements namelys 


E, 






<X -j j i.- 2 ) 0 3 > , an d 0g • 


where E is identity transformation, Cg (m=1 , 2, 3, 4, 5 ) 

2/T 

are the rotations by m -—g— and c.T^. are the reflections 
across the reflection planes 0^ (k = 1,2, - - - 6). 

If the structure is represented by the mnemonic 
(A-| A 2 A^ A^ Ag Ag) . 

where A^ are the corner nodes (i=1, 2,3, - - - 6), 

then the various symmetry operations can be represented 
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"by following 2 



(A 1 

A 2 

A 3 

A + 

A 5 

V 


• ( A-j 

A 2 

A 3 

A 4 

A 5 

V 

B 

( A-j 

a 2 

A 3 

A 4 

A 5 

V 

CTi 

( A^ 

A 6 

Ar- 

5 

A 4 

A 3 

" 1 
f 

a 2 ) j 

C 6 

U 6 

A 1 

A 2 

h 

A 4 

V 

(J 2 

( Ag 

i 

-< <*i/- Ar- A , A,-*)! 
1 6 5 4 3 

P 2 
°6 

(A^ 

A 

Xi 6 

A 1 

A 2 

A 3 

V 

'-3 

(Aj 

A 2 

A 

"1 

A 6 

A 

jlI r— 

5 

V 

c 3 

6 j 

i 

(A 4 

A 

*5 

A 6 

A, 

1 

f. 

J1 2 

v; 

°4 

(A 4 

A 

XX ^ 

A 2 

A 

A 6 

V 

cl 

5 ! 

(a^ 

A 4 

A 5 

A 6 

A 1 

a 2 )| 

i 

^5 

( A^ 

A 4 

A3 

A 2 

A 1 

V 

°S 

( 

"3 

A 4 

A 5 

a 6 


a 6 ! 

I 

(A 6 

A 5 

A 4 

a 3 

A 2 

A 4 


Example 5 


Finally the frame of Fig. (2.16) is considered. This 
has following symmetry elements as can be seen from the 
figure itself 2 


E ? G y 



/•v®" , — -i-P p pC QJ c.2 

w '-v f u v ? '- J h 2’ 2 ? 3’ 3' 


where the first six elements have same meaning as that of 
example 3. CT^ is the reflection across a plane perpendicular 
to the axis (the principal axis)? c|, 0^ and C° are 
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two fold rotations about the axes 0^, C^, Cg which 
pass through the middle point of the plane before the 

p 

members AA’ , BE', 00' respectively. and are 

improper rotations given by 0^0^ and <3^- respectively. 


Various symmetry operations can be seen to be the 
following: 


! /A B C \ 

| Sl'B’C ,; 


E 

/ABC x 
^ A’B’C’ ' 

°3 

/C A B s 
' 0 ' AIB ' ' 

CVS k\ 
O 

,B C A v 
'B’C’A’ ‘ 


a 


v 

r b 

v 

V 


/ABC \ 
V A'B'C> ' 


A B 0\ 
A' B ' C" 


(A C B n j 
^ A' C ' B' On 


2! 


A'C'B' 
AC B 


,0. 3 A \ b; /C’B'A' * 
^O'B'A' > ^2| C B A 

r cj /B’A'C’ v 
-B'A'C’ } °2! l B A C ; 


/B A 0 v 
\ a » n t > 


) CC 


•'h 


s. 


c.2 


/ABC ^ 
^ A’B'C’ ; 


( 


( 


( 


A'B'C ' 

ABC 

C ' A T B ' 
CAB 

B'C'A' 

BOA 


) 


) 


) 


ABC 

where { a'P’O' ^ mnemon i c of the structure. 


If one chooses any two elements from symmetry elements 
and multiplies them (in the sense that in operation 
one follows the other) the result is one of the element 
from the set e.g. 
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u h ' CT f = Of 


CJ " h ' cF v = ^2 


and 


Og-Oj = C* 


fi + n ^ — rc ^ 

v * 2 j >v 2 ^2 


s -tj, = o_ 

3 h 3 

S^C° = cj 

3 v 2 


etc. 


etc . 


etc, 


Thus symmetry elements are only and the only things which 
describe the symmetry of any system because any number of 
products of these elements is again one of these. It 
can be seen that under the operation of all the above 
symmetry elements (except for the translation) at least 
one point remains fixed and hence the symmetry constituting 
them is called point symmetry. 


So far it has been implicitly assumed that if 
there is geometrical or configurational symmetry then 
corresponding symmetries hold true for mechanical 
behaviour of members also, (e.g. see Figs. 2.9 - 2.16). 

It is not clear as to under what circumstances and in 
what sense one can have structural symmetry even without 
geometrical symmetry e.g. see Fig. 2.17. The two 
beams may be structurally symmetric (in a restricted 
sense to be defined laterj even though they are neither 
geometrically nor materially symmetric. To claarify the 
matter, one needs a procedure to seperate out the geometry 




(S 2 , I 2 » L 2) 


Fig. 2.17 




^ (3 il ) 



31 


and topology from members properties and for that purpose 
the next two articles are needed. 

2.2 SIMMETBI5S OP MATR ICES i 

Consider a n x n matrix K. 

T 

The symmetry, K = K is known to every one. If this 
matrix is stiffness matrix for a structural system and 
the structural system has certain symmetry elements then 
those symmetry element will show up in K also, provided 
proper numbering of nodal degrees of freedom and proper 
co-ordinate systems are chosen. This is where the topological 
and geometrical property of structure seems to play a 
role. As an example consider the cantilever shown in 
Pig. 2.18. There are 2n-degrees of freedom and hence 
the flexibility matrix "A" is of the order 2n x 2n. 


1 

t 

,, r 

1 

> 

& 5 

L 4 ; . _ 

| 5 

4 

2n ^ 

\ 2n-1 

! 

i 

s 


2 * 



J 

- 



i t 

— ct — 1 *•« 1 > 


Pig. 2.18 
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i . e 


A, 


A, 


•11 

A 12 

A 13 

- - - A, 

In 

•21 

A 22 

A 23 

£ 

CM 

1 

i 

1 

•31 

A 32 

1 

i 

C'TN 

i 

\ 

\ 

1 

1 

1 t 

I 

3 

"n 1 

A n2 

A , 
n3 

^nn 


where A i • are 2x2 matrices: and i, 3 represent the 

- L ' J 

T 

node number and A . . = A . . from Green-Maxwell reciprocal 

-L J J 

theorem* It can be shown that only one matrix out of 
n(n+1 ) 


matrices need to be known and all others are 


generated from that one, viz; 

: A^Cjl) 




A 11 ^ El 


j — 1 5 2 ? — - 9 I) 

l 2 /2 1/2 j 

1/2 1 j 


A ± . = A.. ( j < i) i, 3 = 1 , 2 , 3 , 


n 


Whe re T = 


1 1 
0 1 


Also it can be seen that, 
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This sort of symmetry in flexibility , matrix is due to 
the repetitions of similar members. Algorithm can be 
developed to ease the numerical computations for such 
matrices. Similarly other symmetries in stiffness or 
flexibility matrix can occur if the structural system 
has some other symmetry. The problem however, for the 
time being is reverse one? i.e. to identify the structural 
symmetry, when the stiffness matrix is given to have some 
symmetry. The scheme is not unique but still useful 
because in analysis and sometimes in design only this 
part is known to play almost every role. To design a 
mechanical system with given natural frequencies is an 
example to such types of problems. This type of problem 
is encountered in design under random excitations and also 
for shock absorption. w ith these motives the various 
types of matrix symmetries will be discussed below. 

There are two types of symmetries. Gross symmetries 
and internal symmetries. 

let K = n x n matrix. 

Following examples are given for gross symmetries. 
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Example 1 

K is said to be counter diagonal symmetric 


when 

T c 

K = 0 K C = K c 

where 0 = counter identity 


This symmetry can be 


represented by.' 







Example 2 





K 

is said to be 

centrosymme trie if 


K 

= CKC 


Thus 

K 

= K c and K 

T 

= K — >c?*ntro symmetry, 


represented as. 

Theorem; 

If K is centro-symmetric then by proper inter- 
charges of rows and column it can be written as 

T 

provided K = K 

where A and B are n/2 x n/2 
matrices 

m m 

and A = A , B = B 
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Note that A and B may have symmetries similar 

to that of K. Proof of the theorem is ample and is 

1 

illustrated as below, let K = 4 x 4 matrix, K = K and 
it is centro symmetric , i.e. 



a 

b 

c 

d " 

• 

"a 

b 

c 

d~ 




K = 

b 

e 

f 

c 

can be 

b 

e 

f 

c 


"a 

b~ 


c 

f 

e 

b | 

wri tten 
■ as : 

c 

d 

i 

* a 

I 

b 


B 

A 


_d 

c 

b 

a J 

1 

_f 

c 

\ 

i 

* b 

e j 





Example 3 

K is skew counter diagonal symmetric if 

m ft 

K = - OK G = - K 

Example 4 

K is skew centrosymme trio if 
K = - CKC 

Theorem 

If K is skew centro -symmetric it can be written as 


K = 


A 

-B 


•d 1 m 

1 provided K = K and then 


A 


A A = A 


T 


B = B 


T 



Example 5 


3 6 


K is cyclically symmetric if it can be written 


as 


K = 


A. 


A_ 




m i 


m 




m-1 


Ar 


A, 


A -j 


OS K = 


where 

n 

m * 


ii -j , Ar 


j aV ^ j’iL 

i 2 3 m 


-^2 A 3 ^4 


A . ^*rr — A r 
3 4 5 2 


•ii JA j — — "“A j 
m 1 2 m-1 


A ffi are sub-matrices of order 


So te j The both definitions are one and the same and such 
matrices will be seen to be the stiffness matrices 
of cyclically symmetric structures in Chapter III. 


Example 6 

K is centro-cyclically symmetric if it can be 
written as. 


K = 


A 1 

A 2 

• A ; B-, 

m j 1 

B 2 

B 

m 

A m 

Ai - 

A J B 

m- 1 :■ m 

i 

i 

B 1 

~ ■ 

C\J ' 

f 

«} 1 

A 3 ' 

] 

_ _ _ A ! S 

1 J. 2 

S 3 

— Bl 

B 1. 

B 2 - 

| b 

A 2 

A 

m 

B m 

i 

B 1 - 

Vi| A m 

A 1 

A m- 

! B 2 

B 3 - 

- - - 3-j ; A2 

A 3 

A 1 


where A^ and 
Th are 


— x— matrices. 


2m 2m 
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Example 7 


K is cyclic-centro-symmetric if it can be 
written as 


K 


lo te 


!a. 


j_B -| 


A m 


B m 


f A, 


B, 


B l ]| A 2 B ; 


A^j (Bg A 2 


B 1 
I 


a i =1 


i 

a • !b a i. 

mi : ~1 A 1J 


A B 1 
m m : 


B m A mi 


A m-1 3 m-li 


B m-1 A in-1i 


B 2 j 


A 0 j 


2 1 


^ 

K'n 

rq 

j 


B i 

L B 3 

1 

A 3 j 

““ j 

:- B 1 

A J 


Symmetries of types 6 and 7 will be encountered 
in Chapter III inconnection with cyclic-Bef lect- 
ion symmetric structures. 


theorems If a matrix is cyclically centro -symmetric 
then it can be centro-cyclic symmetric and vice-versa. 


Proofs Consider the above matrix and let us place 
the 2nd row at the m + 1st row, 4th row at 
m + 2nd row etc. and at the same time third 
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row at the 2nd and 5th row at the 3rd and so on then 
the following form is obtained. 


~ A 1 

B 1 

c\j 

<! 

B 2 

A 

m 

B 

m 

A m 

B m 

A 1 

3 1 

A m-1 

B 

m- 

Vi 

B m- 

A m 

B m 

A m-2 


a 2 

b 2 

A 3 

B 3 - - - 

A i 

B 1 

B m 

A m 

B 1 

A 1 

Vi 

A m 

_ B 2 

A 2 

3 3 

A 3 

- B 1 

A 1 


If similar operations are performed over columns one 
gets: 


A 1 

A 0 

A, - - 

- A , 

B 1 

B 0 

B 1 


2 

3 

m 

2 

m 


A 

A 1 

A 2 

~ A m-1 

B 

B i 

--- Vi 


in 


m 


A 2 

!> I 

1 

- - - - - 

A i ; 

B 2 

B 3 

B, 


B 1 

B 2 

- - - - 

B m ! 

A 1 

A 2 

A 

m 

= Gentro 








cyclic 


B 1 


Vi ; 

A 

m 

A 1 

A m- 1 

syrnme ■- 
ric 

b 2 

B 3 

- - - - 

B 1 

A 2 

A 3 

A 1 

■ 
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The proof of the second part is obtained on exactly 
similar lines. 

T 

Ho te t If K = K then in all the above symmetries 

there is additional symmetry which reduces the 
number of independent elements still further. 

furthermore all the symmetries correspond 
to invariance of K under some set of similarity 
transformations. 

Internal Symmetries; 

Internal symmetries are the one in which the 
elements or submatrices of a matrix are given by some 
functions of a set of elements or submatrices of the 
matrix. This definition is fairly general and hence it 
is not possible to enumerate these symmetries as has been 
done for gross symmetries. Examples of the internal 
symmetries are following; 




where 


1/2 

1 


K 1 -|(l ) 

1 

El 

" l 2 /3 
1/2 

K 33 

K 1 1 

Cjl) 

K i3 

- ,jl-3 

A 33 


: T . (o<D 


T 


1 

0 


1 

1 


J 


This matrix has been encountered earlier- 


Example 2 


k i 

K 2 

K 3 - 

- — — — 

K ’ 

m 


E i e i 

K 2 9 2 

K T e, 
b b 

- - - 

K 9 
m m 

! 

1 

K i 9 i 

K 2®2 

S 3®3 

- - - 

K G 2 
m m 


K.e “- 1 

1 1 

• k - Q m - 
l 2 2 

1 l/ 1 ' 

-1 

- K S”- 1 
m m 

j 

I 

Thus the 

whole 

matrix 

Is seen 

to be generated by 


- - - K ) of m x m and m - parameters 


m- submatrices (K-p Kg 
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©^ - - - - © [This type of matrix will be encountered 
in connection with cyclic structure. in Chapter III. 

Such symmetries result due to presence of 
repetitive symmetry in structural systems. In the 
existing literatures, no alogrithm is found for simpli- 
fying the problems by using these symmetries except in 
some simple cases, noteworthy is the thing that the 
gross symmetries discussed earlier are particular cases 
of this general symmetry the physical reason is that 
repetitive symmetry is a general case of gross symmetry. 
As remarked earlier the repetitive symmetry is not 
given much attention in this work. It will be seen in 
the next chapter how the stiffness matrices of the 
structural systems are s 

Centro-symmetric, counter diagonal symmetric, 
skew-cen tro-symme trie, cyclically symmetric and centro- 
cyclically or cyclic-cen tro symmetric, dependendl# 

A 

upon the symmetry elements of the structurals system. 
Also it will be seen how these form af the matrices 
help in getting their inverse, their eigen values and 
eigen vectors etc. 
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2 • 3 CONTRIBUTION S OF G^O^- oy_ TO p OLO G. Y AND MSMBE5S 

SYMMETRI'CS TO THE SYIIHBTRIRS OP STIFMESS MATRIX ’K’ 

Let Rp be the vector space corresponding to the member 
end forces and displacements. Let Rp be the vector 
space corresponding to the joint forces and -displace- 
ments, where joint means only those joints which have 
some degree of freedom. 

Then the configuration obtained by joining 
these members forms a structural system only if Rp 
is a projection of Rp and therefore any vector in Rp is 
a projection of some vector in Rp. i.e. if P £. Rp 
then there exists a KL such that 

P = A P 

where A = a rectangular matrix (the projection matrix). 

Now let P= joint force vector 

X= joint displacement vector 
F= members ends force vector 

e= members ends displacement vector, 


then one will hafe^, 
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P = A P and X = Be 

T T 

Gonsider now work done W = X P = e P 

Then e^B^AP = e^P =3* B T A = identity matrix = A^B 

Let P = Se 

Then AP = AS T e = ASA T Be 

P = ASA^X 
= KoX 

T 

Therefore, stiffness matrix K = ASA 

where S = stiffness matrix of the aggregates of 
the members. 


Any symmetry of the aggregate of members will cast 
itself into S; e.g. if one has ’’m” members in planner 
bending then, 


S = 



K 


22 




mm 


0 
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I 


where 


K. . 

li 


"Vi 


2E . I . ! 

i l 

L. 

l 


i = 1 , 2, . . . ,m 


2 Vi 

1. 

1 


4-Vi ! 

h I 


For members in pin-jointed trusses one has 


0 


m 


0 


whe re 


B i A i 

— , will exhibit the symmetry of member's 

B i aggregate. 


It is now clear that the matrix 'S' has nothing 
to do with- the positions of the individual members in the 
system while the matrix 11A" is solely determined by 
the geometrical configurations of various members and of 
course the nodal numbering and co-ordinate systems. But, 
the symmetries of stiffness matrix K are governed 
by the symmetries of two matrices A and S. It has been 
seen in the previous section and will be seen in the 
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next chapter also, that the gross symmetries of a 
matrix are always determined by the invariance of the 
matrix under some sort of similarity transformations, 
viz. 

h K T i = K 

where T^ are some matrices of n x n (orthogonal) 

(i = 1, 2, - - r) 

rjj 

How K = ASA (A is n x m matrix). 

Therefore, T^ ASA^'I^ = K 

How there are four ways in which the above can be 
satisfied : 

(i) T^A = A In this case the symmetries of 

^T,jT_ jT K are determined purely by geometry 

and topology. 

(ii) There are another set of matrices T^ of m x m 


such that : 


(i = 1, 2, - 


r) 
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T±A T ± 


T 


— I T 
Ti A T. 


A 


and 


I • S T. 
i 1 


T 


= S 


Here the symmetries of bo tb A and 3 play equal role in 
symmetries of K and hence in structural symmetry. 


(iii) Symmetries of S and a are of different order; 
i.e. the number of T^ and T^ are different. In such 
cases the symmetries of K will depend upon the 
variables involved in A and S. 

(iv) If neither A nor S has any symmetry; (except 
the well known symmetry of transposition which is not 
the purpose of discussion) it is possible to get 
pertain symmetries in K depending upon the variables 
involved. As an example consider the truss showin 

in Fig. 2.19. Then* 
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Therefore SSA^' 


or K 


a^a; 


X © 6 « 


4- ft 


~ A 1 

0 a 

'B 1 0 

0" 


0 

L 

A 2 a _ 

0 B 2 

0 



j 

L.0 0 

b 



o 


T 


0 


a 


m m 

+ baa 


, T 
oaa 


T 


baa 


T T 

AgBgAg + baa 


T 

= ASA 


K. 


Kr 


K i 

2 ' 


K. 


if 


+ baa 


T T 

A 2 B 2 A 2 + baa 


T 


^2 B 2 A 2 ( det j A^= sin (oCg+o^) £ 0) 


Br 


A" 1 -n ^ A 1 " 1 

^2 «A^ 


-1 / .-1 \T 

l 2 A 1 B 1 A 2 A 1 } 


A 


-1 


Sin( (A. 2 ; A ^ ^ 


Sin cv, 2 OoscKg 


-Sin <?U Cos c*. 


-4 


EH OJ 
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So 


-1 

x 2 A 1 


Sin( c<. 2 + ) 


Sincx ; 2 

Gos c<^1 
| 

Ooso(.-j -0osc< 4 ' 

-Sino < 3 

1 

0os cX 3 ! 

, Sin^ Sin^c ^ 


1 


Sin(cX 2 + 0(3) 


Sin(c< -j+ o( 2 ) Sin (ck^-o^) 


Sin(<X-j~^<^) Sin ( c<^+ ck^) 


1 , nT 

2 Ji r 




Sin( <x <* 2 ) Sin ( c< ^ - ou) 


Sin(vX 4 ~ o( 2 ). Sin ( <x 3 + 0(4.) 


Sin(^2 + ^3 ) 


B, 


E 

3 3 


0 


Sin^U 2 + <5(3) 


0 
1 A 

14^4 

L 4 . 


Sin( o< -j + ! 3<2 ) Sin(oC <x 2 ) 

Sinf o^- sx.^) Sin (txl^+o^) 


B 

.. 0 


0 


E 2 A 2 


or 


3**2 i 


L 


3 


E 4 A 4 ! 

! L 4 ! 


Sin 

( 0. -| + c<2 ) 

Sin ( 

Sin 

( cA 4 ~o( 2 ) 

Sin ( 



" c 2 

- 2 



12 

s 42 

2“ 


~2 

2 

>23 


13 

s 34 


‘ 3 TUk 4 ‘ 


E 1 A 1 


*2 A 2 
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E 2 A 2 


S 12 S 13 


s 34 S 42 


where s^. 


Sin ( cXj_ + ot 3 ) 


Sin ( o< ± ~ C4 j) 


* 1 A 1 


b i a i _h 

E gAg 1 -j 


1 A 1 ~2 

1 ! S. 


(1 + 

s 23 S 13 


V - 2 h 

E ^ A ^ 


The^e equations can be easily satisfied by proper 


choice of 


h 2" a 2 


c*. 1 » o< 2 J c< 3 ’ o <4 


because all the them can be varied independently 
except one constraint i.e. 


l| + L 3 - 21 2 L 3 Oos (x 3 "^ 4 ) = I^+ L^L^OosC^^oCg)^ 


Thus 


T 

\ p ,\ ^ 


^ ^ ii ^ 


a centrosymmetric matrix or a 
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cyclically symmetric matrix even though 

there is no trace of any symmetry in geometry and members 

aggregate. Such symmetries may be called incidental 

symmetries. 

Possibilities (i), (ii) and (iv) are available 
under what circumstances, is not the purpose of the 
present work. The purpose was only to show, the 
contributions of geometry, topology and members aggregate 
symmetries to structural symmetry. In what follows, 
the possibility (iii) is assumed and it is only in this 
spirit the symmetry of first section of this 
chapter was referred. 

In what follows, the structural problem is meant 
only for elastic structures and usually linear ones. 

2.4 LOXD fjn? STRUCTURAL SYS MS 

So far load has not yet come into picture. The 
reason for this is that any linear physical problem is 

represented by; 


wire re 


LX = P 

1 = a linear operator, 


1. 1. T. KANPUR 

CENTRAL LIBRARY 


& •> 
A ' 


/v*> A 


23672 ! 




(Matrix operator, 
Differential operator, 
Integral operator etc.) 
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X = response or output, (a vector, a function 

or a set of functions 

3? = excitation or input (a vector, a function, or 

a set of functions etc.) 

Thus F comes only on the right hand side and has nothing 
to do with L. 

The solution of the problem is at once obtained, if 1 

is obtained. Thus the basic problem is to obtain the 1~‘* 

The inversion is simplified if it can be factorised, e.g. 

if L =v" and if the problem has spherical symmetry 

(Excitation has nothing to do with the symmetry of l) 

then if r, ©, 0 co-ordinates are chosen, the seperation 

is at once applicable and the solutions obtained are 

2 

liable to satisfy the boundary conditions i.e. v 
gets factorised into r, 9, 0 and hence the inversion 
is simplified. .. similar argument is^ applied for any 
operator. If proper co-ordinates.^ the so-called symmetry 
co-ordinates are chosen the operator 1 gets factorised. 
If 1 is a matrix operator, the factorisation of 1 means 
its block diagonalisation and which is basically the 
purpose of the following chapters. 

To this end, one is able to state the structural 
symmetry in following form. 
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Let i S i' be the set of symmetry element of the system. 

\ 

Then L will have same symmetries. 

Let \ P r be the set of elements of symmetry of load 
system acting on the structure. 

Then if <;S i and ^Pj are same then the excitations 
X will also have same symmetries and one is atonce in 
a position to judge the number of independent excitation 
components. If l Sj A Pj = 0 then there can not 
be any symmetry in excitation X and then one can use the 
elements of S only to simplify the inversion of L etc. 

So far the boundary conditions have not explicitly 

come into picture but they have been implicitly assumed 

the 

to contribute to/symmetry of the systems along with the 
geometry etc. of the system. 
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GEOMETR.lCAL.i-Y UN SYMMETRIC BUT St M.METkl C UN TrtE $EHS£ 

THAT lT5 STIFFNESS HATkiX IS CENGTO SYNii v l£TKic . 

THE MEMBER pm A METERS EiiAi.U HAi/£ S/MiL Aft SUFFICES 

As TH£ MEMBER EORc£s F £ MAV'E- 
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CHAPTER 

A SEMI -TITTUP TIME! , APPROACH TO SYMMETRY 
(THE MATRIX METHOD) 

In this chapter the symmetric . structural 
problems will be simplified by using certain transfor- 
mations applied to "Stiffness Method"* The method can 
as well be applied to "Flexibility Method". The trans- 
formations determined are based partly on intuitions 
and partly on analytical arguments and this is why the 
method is called semi -intuitive method . Only parts of 
complete symmetries of structures will be used.. The 
complete symmetries may reduce the problem still more, 
but this aspect will not be discussed in detail in 
this chapter the reason of which will become clear as 
the method progresses. The short-comings and inadequ- 
acies of the method will also become apparent in the 
development of the method. The notations and termino- 
logy of previous chapter will be used. 
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The structural sj^stems are assumed to have 
one or more of the following symmetries: 

1 . Single reflection plane 

2. Double reflection planes orthogonal to each other 

3 * Triple reflection planes orthogonal to each other 

4- Inversion symmetry 

5* Cyclic symmetries 

Here it is assumed that none of the reflection 
planes or axis of symmetry contain the "nodes" of the 
structural system. This assumption is essential due to 
the weakness of the intuitive approach. 

Examples of these symce tris are given in 
Digs. 3 .1 (a) , (b) , (c) , (d) , 3.2(a), 3.2(b) and 3.2(c). 

In what follows, the symmetries of load systems 
if at all there is any will not be taken into account 
explicitly except in buckling problems where atleast 
a part of the load system affects the stiffness matrix 
itself and need to have similar symmetries as structural 
syst em 

3.1 S IMPLE REF LECTION PLAITS : 

Consider a structural system having a reflection 



68 


plane 0~ (Fig. 3*3). Thus the plane CT divides the 


system in two regions Ri and R 0 . R„ is mirror image 


2 * 


of Rp and vice-versa 
Thus the symmetry 
elements of the 
system are; 

E and (y . 


“Reflection plane 



Fig. 3.3 


Row if the global 
co-ordinate system for the 
two regions are mirror image of 
one another, then the "description" of the region R^ 
w ,r .t . its global co-ordinate system is exactly the 
sane as that cf Rp w.r.t. its own global co-ordinate 
system. 

let there be n-degrees of freedoms in each 
region. Then there are 2 n-degrees of freedom in the 
whole system 

r t r 

ft 


Row let 


X 1 = 






n 


- 1 


'I 


'n 
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and force vector respectively in region R-j . The 
corresponding vectors for region Rp are: 



Displacement and force vectors for the whole 
structural system are: 



Now consider an operator T such that: 
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— 



T 

X 1 


i 

| *2 


X 

PO 

i .... 


~r 

T 

~ V 


~ F 2 ] 


F- 

1 

— i 


a me.-crix representation of T can be easily found to 

V. - . 


■ 

0 

I 




T = 

T 

L " 

0 




because 

0 

I 


*v 


1 

OJ 


I 

0 

_ 1 


yr 

J'*2 


i h .1 


e'cc * 


Also one can 


5 60 G lie! G 


and 


I = I 


i 0 


= T i e 


0 

I 


I 

0 


( 2 ) 


Thus T is a reflection operator whose matrix 
representation is an Involutory matrix. ( Involutary matri 


is one whose square euqls Identity matrix) . This property 
reflects the reflection operation, viz. two consecutive 
reflection equals identity transformation. 
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Applying the operator T to the equation (1 ) 
one gets 

or 

or 

wlier e 

X r = TX 

p * = yp 

-1 

ir ? __ nurm 1 

Since operation of f is equivalent to inter- 
changes of regions and Sg an ^ since and Eg are 
exact!;/ similar to each other w.r.t. their respective 
global co-ordinate systems. Therefore eq. (3) and 
e . . (1 ) are one and the same except for the interchanges 
of variables. 

Therefore 5 K' = 3! 

i.e. Til"""' = K (4) 

from Eqs. (2) T _1 = T 

therefore, TKf 1 = TEf = K ... ... (5) 


iE 


rpT-rp * mv __ nrm 

.u^. -Lhi. — _lX‘ 


(3) 
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Also note that eqs» (4) means something more 
i . e . IK = KT 

or [I, Sj = 0 

! commutes with "K" * Prom this property of K one 
can immediately draw some very important conclusions 
using a famous result for commuting operators (37), 
viz . 

"If two operators commute, one can find a, state 
function which is simultaneously eigen function of 
both operator", (which can be seen as follows 2 
(IK -- IviyV' =0 is satisfied if ty is eigen function 
of 1 a nd K). 

Thus finding of eigen functions of K reduces 
to that of finding eigen functions of T. 

If Y eigen function of K i.e. 

= k IP (6) 

Then is also eigen function of T and vice-versa. 

I 'f = t V' — ... (7 ) 

where k = eigen value of K 
t = eigen value of 1 
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From eqs. (7) one has 
I 2 y = t T y 

and from eqs. (2) and (6) again 

iY= t-ty 

or t 2 = 1 or t = + 1 

Therefore, eigen values of T are + 1 

i.e. Tf= t "P breaks into two sets of eqs. 



or X-| + %2 = 0 
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So eigen functions of K are also given by 


Y+ 



Y- = 


This naturally shows the symmetry of mode 
shapes i.e. "y + is symmetric mode while y_ is 
antisymmetric mode. However the aim is not to show 
only this much but some -thing more than this. 


Again considering the equation (5) and using 
the representation of T one gets. 


0 

I 


XT 

*■11 

K 12 

I 

— 



xi 12 

K 12_ 

OH 







ii 

hT 

K 22 



K^' _ 

*"12 

II 

eg 

The 

re fore ? 




IS A 


~0 

i 

H 


K 11 

K 12 ‘ 

i 

0, 


F? 

[_ 12 

K 22 


A (say) 
B (say) 
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So eq( 1 ) has the loro 



~ 


— 

ii £ \ 

i 



”1 ■ 

TO , i 

jj jti \ 

~r 


in 

"2 1 


( 8 ) 


Now it has been shown that eigen functions of T and 


K are same and eigen function of 

and are orthogonal to each 

etc. are set of n-vectors one 

can form a matrix by using these vectors as columns and 
thus let ’ T' be the matrix so obtained then one of 
the possible choice of the T-j is 

Fl I~ 

I 1 - := 

' 2 ! 1 -y 

where the factor — . is chosen so that the square of 

f 2 

a vector is equal to 1. 

Since every column of is orthogonal to other columns. 
Therefore T-j is orthogonal matrix. 

Now using a well known theorem of 


1 

TV 

| 

i r x 

! ^ i 
and i 

are 


L x i . 

L: x i_ 


other . 


Noting that 


X, 


-1 J 


matrix theory (38)° 
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i 1 -] I = a diagonal matrix with the elements 

T 

as eigen values of the matrix T, and T^KT^ = atleast 
a block diagonal matrix whose blocks are that giving 
the eigen -values of Eh 


low, 


KX = l can be written as 


or 


T 1 KI = 
NXCT^') -1 t5;x= 


But i: 


and * ^ 


■r L i 


= i 


(9) 


Therefore l^KT-^X 




or 


where X 


1 1 

K' X 1 = 
1 


K 1 


T*X 

i 


= T«T? 


T 1 KT 1 


1 

i¥ 


X, + X, 


I - , 

} v 

L Ji i 

'i 


x. 


- p 


2 


(10) 


1 

I I 


A 3 


I i" 

2 

I -I 


3 A . 


J -I- 


1 

2 


I 

-I 


G. + B 
A + B 


f 


B 

A 
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1 

2 


2(A + B) 

0 


A + B 

0 

0 

— 

2(A - B)j 

( 

0 

A-B , 


Eq. (10) reduces to ■ 


A + 3 

r\ l 

0 ! 

1 

z] \ 

1 


—L 

0 

, ! 

ii --D | 

1 1 
-?r • i 

L A 2 J 


| p 1 

L 2 


or 


(A+B) 

(x 1 +x 2 ) = (p 1 + e 2 ) 

... (11) 

(A-B) 

(x r x 2 ) = (P f P 2 ) 

... (12) 


Eow solution of the actual problem which is a 2n set 
of simultaneous equations reduces to 2-sets of 
n-simultaneous equations which simplifies the problems 
quite a lot. 

It can be seen that the equations (11) and (12) correspond 
to what are called anti -symmetric and symmetric parts oj- 
a mirror symmetric system (32). 'To get these forms 
of equations in ordinary structural analysis one puts a 
lot of effort of intuitions in breaking the solutions 
in symmetric and antisymmetric form. 

low solving for X^ and X 2 orie can easily get 
X-|, Xg by the definition of X^j and X^ 


viz. 
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V" 

J *1 


— 


nr 


-j- >1 

_ m 


•A 

X 1 


, Z 2_ 



u ^ - 


or 




" i ” 

X 1 

= rp 

A i 



-A 

x 9 

L ^ j 

1 

J 2 , 


(Because 


I) 


1_ 

2 



4' 





With these discussions one can now conclude the 
following theorems s 

TUB 03311 Is 


(riven a structural system with a plane of 
symmetry? the stiffness matrix can be written in the 
forms 

w.r.t. the two mirror image 
global co-ordinate systems 


it 


A B 


jj A 


for the regions one left and the other right to the 
plane of symmetry. 

1HBQK3M 2 8 

The problem of structural analysis of a structural 
system with a plane of symmetry breaks into two problems 
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of order half to that of total problem i.e. 



goes to 


(A+B) (Xlj+Xg) = lyFg 
(A-B ) (X r X 2 ) = P r F 2 


Following corollaries may be derived very easily. 


Coroll ar y 1 j 

If along with the structural system the load 
system is also having a plane of symmetry, then the 
displacement is also symmetric. If however load 
system is antisymmetric w.r.t. the plane of symmetry of 
structure, then the displacement will also be anti- 
symmetric w.r.t. the plane of symmetry. In any of 
the above case one needs to solve for one side of the 


plane 

of £ 

symme try . 

Thi s 

coincides 

Broek 

Y ^ 
tD 

result (32). 

Proof 









(i) 

lo ad is 

anti- 

symmetric 

i.e. 


= - F 

£ 2 

Then 


+■ P 2 = o 

and 

■pi TH 

h 1 2 

x — 

Pm 

CM 

II 

and 

therefore the 

eqs. 

( 11 ) 

and (12) 

re due 

e to 5 






(A + B ) 

( X 1 

+ x 2 ) = 

0 





(A- B) 

(Xi 

i! 

CM 

M 

i 

2F 1 
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Since A + B = non-singular matrix 
Therefore Z-j + X 2 = ® 


xr ~~ 

a 2 a 1 


One gets 


(A 


B) 


A 1 A 1 
A 2 = ~ A 1 

(ii) load is symmetric i. e. 


i 1 £ 2 


= 0 


i ' 1 + F 2 


= 2F 


From (A-B) (X.,- X g ) 


^ - F 2 = 0 one gets 


A 1 “ a 2 


= 0 


l . e . 


A- 


and the total 'problem reduces to 


(A + 3) X 1 - F 1 

~vt — -- 

A 2 A 1 

Coroll a ry 2 

The characteristic equation determining the 
natural frequencies for the total problem for a 
stratural system with a plane of symmetry breaks into 
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two characteristic equations of order half to that of 
total system. 

Proo f i 

let II = mass matrix of the system 
K = stiffness matrix 

Because of plane of symmetry, M will have at least the 
symmetry of the K. (If one applies Archer’s (39) 
procedure to determine a consistent mass matrix and of- 
course for lumped mass system), i.e. M can al sc be 
written as 



Eqs. of motion is 


KX + MX - 0 
(K - w 2 M)X = 0 


det f K-w 2 

system. 

A 

or det 

u 3 


= 0 gives the 


”1 

c d” 

9 


-w" 


j 

-J 

P 0. 

1— 


frequencies of the 


= 0 gives the 

frequencie s . 
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or 


det 


A+B 

0 

? 

-w- 

'0+3) 

0 

0 

A-3_ 

i 

■ i 

0 

C-D_ 


or 


or 


de t 

j A+B - w 2 (C+D) | det 

l { 

A-B-w 2 ( C -D ) 

= 0 

de t 

i 2 2 1 

j A+B - w 0“ w D [ = 

0 - - - • 

•(13) 

det 

1 A-B - w 2 C + w 2 D I = 

0 

(14) 


These two eqs. give the frequencies. 

Corollary - 3 ’ 

Bor a structural system with a plane of 
symmetry, the buckling load for the system under the 
axial loads with same symmetry will also be determined 
by Eqs. of the form (13) and (14) because the buckling 
loads are determined by det j K | = 0 (40). 

i.e. det j K j = 0 reduces to 

det | A+B | = 0 

det j A-B | = 0 

where A and B are now also functions of axial loads. 
This gives a proof to the one of the statements given 
by Salem (23). 
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P roof s 

The proof of this corollary is exactly similar 
to that corollary 2. 

To get a feel of what has been done, this 
procedure is applied toafew examples. 
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where 


M — disg • nig 9 ® -j ? ®2 5 ® 3 


) — 


C 0 

0 c 


K = 




s : 


B A ; 


whe re 

k^+kg - kg 0 


1 0 

0 

0 

i 

A = 

— kg kp+k^, — k^ 

B = 

0 

0 

0 

c = 


0 —It V -fir 

L 3 3 4 

9 ■ 

: 0 

0 

-k 4 _ 

9 


m 1 

m 2 

0 m. 


From corollary - 2, tlie natural frequencies are given 

by s 


det A+B - 0 


or 


k-i+kg-m^v^ 


0 


= 0 and det 


-k , 


k 2 +k,-m 2 w 


-k. 


A-B - C 

0 

-k. 


k 3 J W%- m 3 w " 


= 0 


= 0 


and 


k -j +kg-m.jW i 


-ko 


-k. 


kg +k~ “lug w 


0 


-k- 


-k-. k-, +2k.-m,v^ £ 

3 3 4 3 


= 0 


With k-j ~ k 2 = k 3 = k^ = ^ = m 1 = m 2 = m 3 ? 
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2 

One gets following values of w ; 

0. 198 
1.570 
3.22 

Corresponding to antisymmetric modes 2 

5 

o 

0BS3 5.Y ATI ON S i 

One can see that the matrices A+B and A-B 
correspond to the stiffness matrices of the following 
sub-systems of the complete system. 

> k 1 k 2 k 3 . 2k 4 ? . 

I s ^^AA^-CjH/W43^v^M-0 J W^C!orresponding to stiffness 

~ 'matrix A-B 

Corresponding to stiffness 
matrix A+B 

Thus the complete problem with a reflection plane of 

symmetry breaks into two smaller sub-problems. Also $ 

that one needs to solve only the sub-problem I and to 

eret the solution for II one needs to set k. = 0 

4 


m-j T&2 3 



m-j m 2 m^ 


- 0.9 
= 2.5 

= 3.49 


Corresponding tc symmetric modes 


V, 1 

4 = 

w? = 
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in the sub-problem I. Physically it means that out 
of 6 modes of the system, 3-modes will be those in which 
middle spring will play no role and the rest 3-modes 
will be ones for which the middle spring produces 
effects of that of its double. Putting in another 
term, sub-problem II is that in which all masses of 
move exactly similar to those of Eg sub-problem I 

is that in which all masses of H-| move exactly opposite 
to those of R 2 corresponding to the so called anti- 
symmetric and symmetric modes respectively. 

Also If one is interested only in the lowest 
natural frequency of the system, one needs only to 
solve the sub-problem II for its lowest frequency not 
the whole problem and therefore if one uses the power 
method, one needs the mutliplic ations by 3x3 
matrices not the 6x6 complete matrices and also 
one needs to invert only 3x3 matrix A+B not the 
6x6 K matrix, io get a feel for the saving of the 
effort in computing the lowest frequency and 
corresponding mode by power method a 2n~xnasses system 
with a plane of symmetry is considered. 


Total stiffness matrix 


2 n x 2n 
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A+B = n x n matrix with same band width as K 

No. of multiplication in inversion of an nxn matrix 

3 

is n 

No. of multiplication in inversion of an 2nx2n 

is 8n 3 

Seduction in number of multiplication in 
inversion by considering symmetry by this method 
is ^ 7n . 

Now if the problem is that of 20.0 masses with a 
reflection plane. Then the number of reductions in 
multiplications ^ 7 x 10' 

Similarly in iteration process a.lso ? the number of 

2 

reductions in multiplications in m-iteration is 7n m. 

If m = 10 

n = 100 

5 

then no. of reduction in multiplication »7 x 10 . 

BXAMBIE - 2 

Consider the truss shown in Fig. (3*5) shown in the n 
page. Bhis truss was considered in Chapter 2 
in connection with showing the role of geometry and 
members properties in symmetry of the structure. Here 
and in all the work as has been pointed out in the 



88 


end of II Chapter both geometrical and members are 
assumed to contribute equally to the resultant 
symmetry of structure. The structure has two symmetry 
elements (E, (J) . The co-ordinates for the two 
regions are chosen as were required in the general 
discussion. 


and 



The stiffness equation is, 
KX = P 


A = 


Co S q£ ^ 
Sin* 1 


K 

Cos < 3<2 i 

Sin©c. 


— rn 

ASA 1 


i 0 

2 t 
* 

t 

Coso^-Cos^ 
jSinof} Sinofg 


\ 0 
t 

'C 

'-1 

!o 


} 

I 


I 


0 


A i ■! 


a 

-4 
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This has been taken from Chapter 2 with 
some modifications. 



Total stiffness matrix is given in the Table (3.1). 
Thus applying the result derive! earlier (Theorem 2) 

one gets s 

(A+B) U-) + x 2 ) = P 1 + P 2 
(A-B) (X 1 - X 2 ) = P 1 " P 2 
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TABES 3.1- 


ST IFBsfESS MATRIX FO R THE TRU SS SHOW II FIG. 3. 5 


I A*E 3 A«E 


A 2 S 2 _. 2 _. A 1 S 1 , 


A 2 E 2 


i + 4r Oos « i + ~tr 0os ^2 


< 3 

I 

I A-jE ^ 


a 2 e 2 


A-jE-j . 2 ApBp . 2 

1 ■^p^ !os 0(^Sinc<-| j^Coso^Sinp^ oM +- l^ — Sin ^ 2 


* _ 
t 


1 


a 3 e 3 


0 


0 


A 3 E 3 


2 

3 


0 

0 


I 


| A 3 E 3 

1 T7~ 


A-E 1 o ApE 9 o 1 ABE* A0E0 

1 ’Cos' Cos ^ 2 [-^iOoB^Si^-^Oo^S: 


A 1 E 1 


ApEp f A-jE p ApSp p 

Costf-jSino^ ^-=0 o s#2 Sing^ 1 - Sin^-j+ — Sin^p, 

2 1 1 2 


1 

r* 
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X 1 + X 2 = (A+3)' 1 (S-I+ p 2^ 

X 1 - X 2 = (A-B)* 1 (P 1 ' V 

X 1 = 1 £(A+B) _1 (? 1 +r 2 ^ + ( A_B ^ 1 ( P 1 _P 2^ 
t = i [_ (A+B )' 1 (B 1 +P 2 ) - U-B) (? r ? 2 )l 


X . 


Xr 


Xy 


1 - i- ) a,(*A + 4-) 


a 1 ( 57 + 57 ' °2 V B 


D , 


a, 


/ 1 l_v 
a 1 l “D7 D. ' 


'1 


/ 1 _ 1 > 

H> ( T5y v 


L 


( 1 _ J_ 

l 2 l DT D, 


D. 




a* 




j-) -1 

D .' 


( 1 , 1_ ) ( —L + = 2 - ) euCg- 

'2 ^2 ^ D 1 


1 1_ 
Dr 


a i ( s; + 


-2 V 


b 2 

T~ D 2 


0 r JL + 1» 

a 2 ( Dl B 2 

N , ^2 

D- D 0 


where 


A 1 B 1 .2 


Sin^crt i + ^~=- Sin 2 * 2 

L 1 2 


A 1 1 1 


AqS r) 

Oos^gSinofg • JJ1 


■— — 0oao< 1 SinoC( 


+ b 

__ + b 2 

Ai®i 2 A 2 E 2 „ 2 . 

-Ijjl 0os^o( 1 + -j~ Cos b< 2 
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f 3 


CQ 

O 

O 

<< 

Slrl °<1 


x 3 

V 


A t! 

" 2~ % n ~ . 

1 2 ^ os o(, 2 

A TA 

-2-i Slnc<2 




~Z~ (x 1 + V 


By substituting the values of x^, x 2 , x^ and x ^ the 

mamber forces are at once found in terms of joint forces 
P-p P2? P3 and p^. 


It can be seen that the symmetry has helped 
calculations not only in inverting the stiffness matrix 
but also in computing member forces etc. Once the 
symmetry of structural system is inflicted in to that 
of of its stiffness matrix etc., a tremendous labour 
is saved. 

One can see how difficult it would have been 
to solve this example in such a general form had this 
procedure not been used. The Broek’s (32) intuitive 
rules also would have been used to simplify this 
problem but they would not t/ell any way to proceed to 
make use of higher symmetries, while the present 
procedure indicates a way to make use of higher symmet- 
ries on similar lines. 
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3.2 D0U3IE HS FLECTION SYMMB TRY % 

Here the structural systems have got two ortho- 
gonal planes of symmetry. As shown in Figure (3-6), 
the two orthogonal planes divide the structural systems 
in 4-regions which are mirror images of each other 
w.r.t. these planes. How if the global co-ordinate 
systems for the 4-regions are so chosen that they 
themselves are mirror images of each other w.r.t the 
reflection planes, then the description of any one region 
w.r.t. its own global co-ordinate system is exactly 
similar to that of any other region w.r.t. the corresp- 
onding global co-ordinate system. To fix up the idea 
the reflection planes are named CT -| and < 33 , and the 
4 - regions obtained from division by <5^ ando"^ are 
named R-j , R^ and R^ as shown in Fig. (3.6). 

Symmetry elements of the system are (3, CTj, 03, Cg ). 
However only and cTg will be used. 

Let the system has 4n-degrees of freedom, 
n-degrees of freedom corresponding to each region. 

Let X-|, Xg, X^ and X^_ and F-j , Fg, F^ and F^ 

are the displacement and force ve ctors respectively 
for the respective regions R-j, Rg » R^ w *r.t. the 
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Stiffness eqs. is 
KX = I' 

Now consider the following ope 
to interchanges of the regions 


‘ v 


*V 

X 2 

- 

;{ 4 

*rr 1 

D 


4 

I, 


X 0 

4 . 


L 2 




- — 

x i 


h 

*2 


z i 

1 x~ 

1 J 

I 

i X 4 

l 

X 

} 


3 . 


Since under reflections w.r.t 
of the problem does not chang 

therefore the problem, 
and T 2 also- i.e. 

G^KX - 

t 2 kx = t 2 r 


( 1 ) 

rators which correspond . 

Ri „ R 0 R, and R„ . 

1 • 2 ^ 3 4 

Corresponding to operation CT^ 


Corresponding to operation 0 ~ 

CT - 1 and <j~2 the physics 

oes not change under 

( 2 ) 


(3) 
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are exactly similar to (except for the order of 
variables ) 3 


KX = X 

Eqs. (2) and ( 3 ) can be written as 



_1 

rp TfT 1 

i r kl 1 

T r X 

= T-,P or 


X’ 

= P* 


OJgET" 1 

T 2 X 

= t 2 p or 

K il 

X" 

= P H 

where 

x i A " 

X’, 

T 2 X = X 5, ? T-jP 

= 

P’ 

and TgP = P !l 

and 


= K* 

and TgKT” 1 = 

K !i 




Physics of the problem does not change under and I 2 
simply means that K’ and K" are the same as K* 

i.e. T 1 IXT ~ 1 = K (4) 

TgKTg 1 = K (5) 

The matrix representations of T^ and 1' 2 can be written 
as 










— 

“0 

0 

I 

0 


0 

I 

0 

0 

0 

0 

0 

I 


I 

0 

0 

0 

I 

0 

0 

0 

T = 

> 2 

0 

0 

0 

I 

0 

x 

0 

0 


0 

0 

I 

0 

*- 





— 



—4 
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where I is n x n unit matrix. 

Wow it can be easily seen that ? 

T 1 T 1 = I and T 2 I 2 = I i.e. T., -1 = T., and T"^ 1 ! 2 

... ( 6 ) 

T^' = ■T 1 and = T , ... (7) 


i.e. T'i and '3? 2 are orthogonal involutary matrices 
which physically means that two operations of same 
reflection convert the system into itself. Therefore 
eqs. (4) and (5) can be written as, 


T-jKT-1 = K 
T 2 KT' 2 = K 

written explicitly these eqs. are * 



I 0 
0 I = K 
0 0 
0 0 
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and , 


~0 

I 

0 

0 


L 11 

k 12 

ir 

13 

k 1 4 


"o 

I 

0 

0 1 

; i 

0 

0 

0 


jr® 

^12 

K 22 

k 23 

"24 


I 

0 

0 

0 

0 

0 

0 

T 


K 1 

*13 

jr-'-L 

"23 

K 33 

“ : 34 


0 

0 

0 

I 

0 

0 

I 

0 

] 

T 

L K 14 

w-T' 

A 24 

34 

£ 44 


0 

0 

I 

0_ 


or 


and 


r- 

K 

. 33 

TT 

34 

k t 

13 

tt! 

iv 23 

■K-l* 

k 34 

K 44 

jr'4' 

k 14 

t -T 

k 24 

ir 

"13 

jr 

“14 

Y 

*■11 

K 12 

K 23 

K 24 

K 12 

V 

"22 


VT 

-22 

T/-4- 

"12 

C\J 

M 

k 23 

K 

1 12 

T7“ 

1 1 

k 14 

k 13 

K 24 


K 44 

k 24 


K 13 

K 34 

K 33 


L ^ -j 

K 12 

K 13 

Iv l4 

T 

k 12 

k 22 

k 23 

K 24 

tt? 

"13 

K 23 

rr 

^33 

K 34 

'T 1 

F 

- H 

K 24 

- T 

*3 4 

K 44 

V 

1 1 

K 12 

K i 3 

k 14 

T 

k- 2 

K 22 

k 23 

Y 

24 

T 

K 13 

T 

T7“ -L 

k 23 

E 33 

K 34 

f t 

_ k 14 

T 

K 24 

34 

k 44 
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Thus 










A 

B 

0 3 

■ with A = A 1 , B=B 


E = 


3 

A 

3 C : 

0 = 0^ and 




P 

•n 

-U 

A B 

3 = B T 




3 

0 

B A 







— 


whe re 

A — 

T r 

Hi 

= 

CM 

CM 

« 

II 

w 

MM 

MM 

II 

w 

4^ 

4* 


B = 

K 12 = 

r/£ 

12 

K 34 

= H 


C = 

H 3 

"13 

= r T 

24 

K 24 


D = 

H 4 

T 

E 

14 

II 

w 

f\> 

MM 

- r T 

L 23 


Incident!;;, 

? one 

’ can 

see that if the physics 

of the 

problem is invariant under T^ 

and T 2 individu- 

ally, 

then 

it 

should 

remain invariant under 

T 1 T 2? 

1 2 ‘ M 1 ■ 

rn m rn 

H x 2 1 

and 

Tg'T^Tp etc. Thus the 

problem 

should 

remain 

invariant under 

’ the following 


set of different operations 


E, fT -j , ' 2 2 as <3 T'-[ 



This broad invariance of the problem then poses 
another question; whether all of the different 
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operations will play any role in the simplification 
of the problem? The answer will be cleared in the 
Vth Chapter where the concepts of group theory will 
be used. As far as the simplifications in stiffness 
matrix is concerned, the answer to above question 
is ’No’ which can be seen as follows 2 

Given 

rp V-T = K 

-1 "--H 

T 2 KT 2 = K 

~= T 2 T 1 Kd^) -1 = T 2 KT 2 = K 

where T-, = T^\ 1' 2 = T" 1 and (TgT.,)" 1 = l*" 1 l" 1 

= I' 2 has been used. 

Simil arly 

T 1 T 2 ICT 2 T 1 = l 1 'I 2 Z(T 1 T 2 )" 1 = T 1 KT 1 = Z 

and 

T 2 1^ 1 2 KT 2 T 1 I ? = 1 2 KT 2 = K 

T 1 T 2 T 1 KT., T 2 T 1 - T 1 K1 1 = K etc. 

Therefore T^KT^ = K = T 2 KI 2 is implied by all 

other different operations. 
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How if the eqs. (4) and (5) are written in a little 
different form as follows? 



T.jK = 

KT 1 




T' 2 K = 

ET 2 



i . e . | 

T 1? K] 

= 0 


... (8) 


[V-*] 

= 0 


... (9) 

and also 

[h> hi 

= 0 

from eq. ( 7 ) . 


where a? a in by £ 

V Kj 

is me an t the 

commutator 


Ti and 

K etc 




Again using the famous theorem (37) of linear 
operators i.e. if a set of linear operators L.j, Lg,*'** 

commute with each other and also with another linear 
operator 1 then one can find a function W which is 
simultaneously eigen function of 1^, L and 1. 

i.e. 

= l ± y i = 1, 2, n 

= if 

(where 1^ 1^ - - - 1^ and 1 are. eigenvalues of 1^ , 

I 0 - - - 1 and 1 respectively). 

C . II 
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i.e. eigen functions of 1 must have at least all 
those properties which 1-j, 1 2 - - - L 1 s eigen 
functions have. In the present situation these linear 
operators are only two i.e. and T,-,. 



let "ty 

1 and 

^2 be 

the eigen 

functions 

an d t -j 

and to 

"be 

eigen va 

lues of ihj 

and I 2 respect- 

ively 

then 






*1 

Yi 

= t,y. 




rp 

x 2 

Y 2 

= t 2 y 2 




rp2 

Vi 

= Vi Y-i 

= f2 Yl 


or 

Yi 


= y-i 



or 

A 


= lor t 

1 = ± 1 


and 

4 

Y 2 

V T 2^2 

= t 2 > 

2 r 2 


or 

Vz 


= t 2 Y 

2 r 2 



or 

to 


= 1 i.e 

. t 2 = + 1 


Thus 

h Yi 


= hV 

and T 2 Y 2 

= t 2 Y ’ 2 reduce to 

( ri 1 ± 

D'Y 1 


= 0 

and (l 2 + 

1 ) 1^2 = 0 respectively/. 



104 


Since T-, and T 2 are 4n x ^n matrices. 

Therefore I is also a 4n x 4n matrix and Ip 1 ^ and 2 
are 4n x 1 vectors. 



It can be easily seen that a sui table set of eigen- 
vectors for T-j and T 2 are > 
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The matrix obtained by putting these 4n-vectors as 
column is> 



T 

It can be seen that I, = T~ 

5 3 

Also = 1 i.e. ‘^-3 ^ = T'^ 

Under the transformation IA; and Tg get diagonalised 
and K gets block diagonalised; this result is a direct 

consequence of a theorem in matrix theory (38). 

Thus the stiffness eqs. ( 1 ) reduces to - 
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tu — JL 
-C? “2 


P 1 + P 2 + ? 3 + ? 4 


•2 ^3 


rr\ r TH "CT TjI 

i ✓-n J- *-7 - 


'2 

1 


•2 3 


■p — . lv — To -f "H 1 * 

X 1 "2 3 4 


writ ting in detail - 



I 

I 

I ' 


A 

Jrl 

B 

C 

T) 


I 

-I 

T 

JL 

T 


IB 

A 

D 

C 


I 

I 

-i 

-i 


n 

D 

A 

B 


I 

-I 

-I 

T 

JL 

i 

1 


C 

B 

A 



A+B+C+D 


A-B+O-D 


A+B-C-D 


0 


I I I I 
I -I I -I 


I -I -I 
-I -I I 


0 


A-B-C +D 


Therefore K' X* = F reduces to following four 
problems « 


(A+B+C+D) 

T' 

1 

= TP? 

(10) 

(A-B+C-L) 

T* 

2 

= F* 

2 

(11) 

(A+B-C-D) 

X 3 

ii 

(12) 

( A-B-C +D) 

X 4 

= 

4 

(13) 
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That the 4n x 4n problem reduces to 4 problems of 
n x n, which is a much simpler job than the total 
problem. The simplification is astronomical if the 
stiffness matrix is well populated, low the following 
theorems c an be stated. 

THE QHOH-1 % 

If a structural system has got two orthogonal 
planes of symmetry such that these planes divide 

the system into 4 regions 3-| , > ^3 and 3^ which are 

mirror images of each other w.r.t. the two planes, 
then one can find a set .of 4-global co-ordinate systems 
corresponding to each region which the stiffness matrix 
assumes the following forms • 


A3 0 d 

BA DC 

K = 

C D A 3 

DO B A 

where A, B, C, and D are n x n matrices. 

THE 03311-2 : 

The stiffness equation for a structural system 
with two orthogonal planes of symmetry breaks into 
4 - stiffness equations, each of order l/4-fck of the 
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actual problem, 
i.e. [Kj 

4 nx 4 n 



-*411x1 


breaks to 



After solving for X!j , , X^ and X| one can easily 

find X v Xg> ai1 ^ ^4 simple additions because, 
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Go ro llary 1 

Natural frequencies of a structural system of 
4n degrees of freedom with two orthogonal reflection 
planes can he found by solving 4 characteristic 
determinants of order n x n instead of solving one 
4n x 4n determinant. 


Proof : 


Using theorem 2. the eqs. of motion for free 


vibrations 

1 

II 

M 

W 

m; 

V 

L 9 

reduces 

to 


( A+B+C +1) ) 

Tl = _ 

(m 1 

4 

m 2 + 


4 

m 4 ) 


( A-B+O-D) 

I’ = - 

(ni-j 

- 

m 2 + 

m 3 

- 

m 4 ^ 

*2 

(A+B-C-B) 

1 

II 

~K\ 

M 

(m-j 

4 

m 2 - 

nw 

- 

m 4 ) 


(a-b-c+b) 

I 

II 

(m 1 

- 

_ 

Ui 2 

nu 

3 

4 

m 4 ) 

*4 

where 

i 



m 2 

m, 

J 

in 

4 1 


m 


m 2 


m, 


m. 


K = 


“4 

3 

A 

3 

ri 

D 


\ m 3 


n 1 m 2 


m 


1 


B 

A 

B 

C 


0 B 
D G 
A B 
B A 


Prom Archer’ s( 39) 
theory of con- 
sistent mass 
matrix and from 
the theorem -1 
of this section. 
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let Z’L 


v '° iwt 
X, e 
Ik: 


Therefore X 


k 


- w X 


k 


The above four equations reduce to - 


r 


|^A+B+C+D -w (m^ + m 2 + + m^yj 

.2 


A-B+C-D — w 6 " (m 1 - m 2 + m 3 - ) | | 2 g J 


J 

jA+B-C-D -w 2 (m^ + m 2 - - m^)"J j.X, 

[■ 


? o 

3 


A-B-O+D -vv (m-j - mg - + m^) 


f ? on 

N 


= 0 

= 0 

= 0 
= 0 


Bor non-trivial solutions of these eqs. one must have 


det 

det 

det 

det 


A + B + C + D 

A-B+C-D 

A + B - C" - D 
A - B - C + D 


D - w 2 

(m-l 

= m 2 

+ m 3 

+ m 4 ) | 

= 0 

■ ■ (14) 

D - w 2 

(m 1 

~ a 2 

+ Ulj 

~ m 4 ) 1 

t = 0 

(15) 

D - w 2 

(m 1 

+ m 2 

- 

3 

" V 

t = 0 

■--(16) 

D - w 2 

(m 1 

- m 2 

' m 3 

+ m 4 ) 

1 = 0 

“ (17) 


This is exactly what was needed. 


Corollary - 2s 

If a structural system with 4n degrees of 
freedom along with the axial loads on the members have 
got two planes of symmetry, then the buckling loads 



Ill 


of the structural system can be obtained by solving 
the four determinants of order n x n given bys 


det | A + B + C + D | = 0 

1 

det | A - 3 + C - D | = 0 

det |A+B-G-d|= 0 

det |A-B-C+I>|=0 

where A, 33, 0, I) are submatrices as that of theorem -1 
and are also functions of axial loads. 

Proof I 

Proof is exactly similar to that of corollary-1. 
In order to illustrate these ideas, afew examples will 
be solved. 

5XMPLB - 1 

Vibration of orthogonal cable system by lumping 
the masses at nodes, shown in Pig. (3-7). 


let T = the tension in the 
cables. Here the only 
degrees of freedoms are • n - - 
those perpendicular to the Cl -*Ur 
plane of cables, and hence 
there is no problem with 
regard to choice of co- 
ordinate systems. 


I 



Pig. 3.7 



1 12 


®ie stiffness matrix is (there are 4-degrees of freedom): 


K = I 


^ 1. 
l 


2 

1 

1 

r 


0 


Here 


1 

1, 


1 _ 

L 


If 


0 


1 

i. 


<r 1 
2l i' 

_ j_ 

I, 


1 

1 -; 

J_ 

1, 


k.b 


in 




Equation of motion KX 4- MX = F(t) , X = 


m 

0 


0 

m 



m J 


~ X 1 " 


f 1 (t) 

X 2 : 

,F(±)= 

f 2 (t) 

X 3 

i 


f 3 ( t ; ' 

l X 4 j 


5 4 (t) ; 


A 


B = 


T S 1 


h 


1 


4 


1 




D = 0 


From corollary 1 ore gets for free vibration 
(A+B+C+D) x^ 


2 T 

mw x° 


(A-B+C-D) x 2 ° = mw 2 x 


(A—B“C+D) xf — mw 2 x 

3 


3-0 -D) x| = rnw^ 


or w = 


or w = 


or w = 


1 ( 1 
m x i 


T 

m 

i 

m 


or w = — 

m 


1 


( f + f + f) 

i l 2 h 

< f + f + !r + f) 

1 x 2 b X 4 


+ r> 

2 


1 ( f + 1- + f ) 

12 b 
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Thus all natural frequencies are obtained without 
solving any de terrain an tal equation. 

Mode shapes are respectively - 


’ 1 


1 

' 

1 


1 ~ 

1 


-1 


-1 

an d 

1 

1 


! 1 

t 

i 

| 

! 

-1 

l 

- 1 

1 

- 


-1 


1 


1 

L " 1 J 


5XA2IPIS - 2 VIBRATION Or 4x4 CA3IE HETWCCRK 

As shown in Rig. (3.8) the cable network has 
16 nodes and two planes of symmetry. The transverse 
vibration is considered. Here the choice of co-ordinate 
systems for regions R-j, Rg? R^ and R^ is trivial because 
the reflection planes are parallel to the direction of 
motion . 

Recently 3.1= Singh has analysed cable network (41) 
for establishing cable membrane analogy. He could 
analyse a cable network only of 10 x 10 because of 
computer's limitations. The present method can easily 
handle a 20 x 20 network with same effort as that for 
10 x 10 of B.P. Singh. Also noteworthy is the fact 
that even more general system than that of B.P. Singh 
can be handled by hand computations, e.g. a 2x2 network 
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needs to solve no determinants! equation, a 4 x 4 
network needs to solve only four 4x4 determinants 
to get all freq.uen.cies, which would otherwise have 
needed an enormous efforts of computer even. As pointed- 
out earlier, the consistent mass matrix of Archer (39) 

will have the same symmetry as stiffness matrix, the 
present method is applicable- lor the sake of simplicity^ 
however, here the masses are lumped and hence the mass 
matrix has the form 5 



K 


f A B 0 B~[ 

B 

C 
D 



A, B, 0 are 4x4 
matrices g^d are given 
in table (3.2), 

D = a null matrix. 


According to corollary 1 the following four charact- 
eristic equations are obtained. 
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I ABIE 3 • 2 

VA3IOTJO MATRICES RBIA’131) DO CABLE KETIO EK OB FIG-UB B 3-8 
(multiplied by T? the tension in the cables) 


Matrices 


1 _ + !_ + 1 _ + 1 

1, lo 1, 1 


•1 


'4 


1 _ 

1 = 


A+B+C 


1 

1 , 

C 

1 _ 

lc 


0 


1 1 1 

1 + 1 + 1 
1 2 x 4 5 


0 


2 

lr 


0 


2 2 . 1 


lr 


1 

lr 


2 

l . 


l . 


+ 


lr 


A+B-C 


1 + 1 +1 + 1 

h h h h 

1 _ 

lo 


2 

0 


lr 


1,222 

i 2 


0 

1 

T c 


1 + 1 + 1 
X 1 X 2 x 5 

- ( 1 / 1 2 ) 


0 


1 _ 

lr 


1 _ 

1 r 


1 2 1 
— 4 - —+ — 

1 1 1 
X g Ej . 


1 + 1 + 1 + 1 
1 1 I I ■ 

X-j X2 A C 


2 

1 r 


2 

lr 


0 


A-B+C 


2 

1 

2 

1 

0 


1,1 1 

i 9 t 1 , i q 

2 4 5 


0 


2 

lr 


0 


1+1 4-1 + 
X 1 X 2 X 5 
1 


2 

lr 


2 

lr 


1 1 1 

1+T+ 1 
1 2 ~5 6 


Contd. page 
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Continued Table 3° 2 


Matrices 


1 -L 1 1 1 

l + 1 + 1 + 1 
X 1 x 2 4 5 


( 1 / 1 2 ) 


- d/i 5 ) 0 


-d/io) 


1 + £ + 1 + 1 
1 0 1, \T 1 K 

2 3 4 5 


o -d/i 5 ) 


A-B-C 


-( 1/lc 


0 


d K + Vv^ 5 


0 


- 0 / 1 =) 


fl/i 2 ) 


12 12 
y- + £.+ — 

3 1 3 1 5 1, 
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A + 3 

+ 0 - 

2 

w m 

1 = 

0 


1 

j A - 3 

+ 0 - 

2 

w m 

! = 

0 



| A - E 

n 

— *■“ 

2 

w m 

j 

| = 

0 



| A - 3 

n 

— VJ — 

2 

w m 

! _ 

! “ 

0 

The 

matrices 

A + B 

+ 0 

- -v 2 ~ 

i are 

The 

characteristic 

equation 

is 

» 4 

3 / a 

- u ( E 

- + *l 

^ m 

- + 

2 

+ 

m 7 

3 

£L> 
m 4 ‘ 


+ 


2 ab-ag cd-a 2 

4* \X ( “ — ■ — " — 4* ------- — 

v m-jirig m 3 m 4 


ac-a. 


5 




bd-a^ + be 


m 2 m 4 


m 2 m^ 


+ M___) 

m 2 ni^ 


- u ( 




m 1 m 2 m 3 


+ 


m 1 m 2 m 4 


+ 


o o 

abc -a5?-acb acd-a^a-a^d abd-a^d-a^a bcd-a^b-a^c 


m 1 m 2 m 4 


+ 




?b-a|t 
2 ) 


+ 


af + abed - 2a? a? - a?(ac+db) 
o 2 b 2 


2 

a 2 ( ab+cd ) 


= 0 


m 1 m 2 m 5 m 4 


whe re u = w ; a = ■£ — + — 


b = 




1 


+ 


1 

T. 


1, 


1 


+ 


4 


1, 


J- + 


i , 

17 ± i 
5 x 3 


a 2 
1 a 5 


1 

1. 


+ 


1 

17 


llill 
a = T~ + T~ + T~ + T~ - T~ i 

Xo -W x^ Xg -‘-•J 


1 


2 a 

All the 16-frequencies can be found by solving the above 
bi-quadratic equation by taking four sets of values of a, 
b , c and d . 
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OBSERVATIONS s 


If X T , X 2 , X 3 , X 4 and E 1 , F 2 , ly are the 

displacement and force vectors for the regions R 2 > ^3 

and respectively, then the equations of equilibrium 


0 f the c ab 1 e 

system 

H 

pH 

li 

W 

eaks into following 

four 

equations s 





(A+B+G) 

(x 1 + 


= P 1 +E 2 +E 3 +E 4 

(a) 

(A- 1+0) 

(Xi - 

x 2 +x 3 -x 4 ) 

= p 1 -p 2 +p 3 -p 4 

(b) 

(A-3-C) 

(X r - 

WV 

= VWH 

(c) 

( A+B-C ) 

( X.J+X, 

2 -VV 

= Pj +F —IP — F 

12 3 4 

(d) 


The above equations physically correspond to the 
subsystems shown in Eig s . 3.6(a), (b), (c) and (d) resp- 
ectively. It can be seen from the Big. ( 3 . 8 a) that the 
first of the aoove equations will give the lowest 

frequency of the system because it is the subsystem 

which is least restrained. Hence if one is interested 
only in the lowest frequency one can solve for it by 
power method simply by taking the 1st equation of the 
above equations. The amount of the effort saved is 


enormous. 



In order to determine the deflections at all 
16 nodes under the applications of loads at these nodes, 
one needs to solve now 4 sets of 4-equations . The banded- 
ness of the matrix 1C is not all affected and hence much 
efforts can be saved even by using 6-auss elimination 
me tho d - 

Interesting but obvious cases are the followings 


(i) P 1= P 2= P 3 

Z 1 * C 2 Z 3 Z 4 

need 
eq. ( 

to solve only 
a) 

(ii S’ ^ =I* 2 > ^ 2 =P 4 


need 

eqs. 

to solve 
(a) and (d) 


(iii)i’ 1 =P 3 , f 2 =p 4 

*7" ^ r 0 -\r tr 

ji. j -^2 

need 

eqs. 

to solve 
(a) and (b) 


(iv) F 1 =P 4 , J? 2 =l? 3 

Z 1 = -'4 » Z 2 =Z 3 

need 

eqs. 

to so 1 ve 
( a) and ( c ) 


(v) F 1 +I' 2 = F 3 +F 4 

Z 1 +Z 2 = Z 3 +X 4 

need 

eqs. 

to solve 
( a) , (b) and 

(c) 

(vi) F-j+F^ = ^ 2 +F 4 

X-,+X, = i'+X. 
i 3 2 4 

need 

eqs. 

to solve 
(a), (c) and 

(a) 

(-szii) 1' 1 +1’ 4 = f 2 +F 3 

Z 1 +Z 4 = Z 2 +X 3 

need 

eqs. 

to solve 
(a), (b) and 

(a) 


As can be seen from the table (3.2), if 
1-| = I 2 = = - lr = lg, one gets additional 

symmetry in matrices,! . e . the elements of the matrices 
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A+Bj<5+D are generated by only two different elements. 

What does thia additional symmetry do is not clear 
from the present approach. This is a subject matter of 
V tli Chapter where group theory will tell the results of 
additional symmetries from the out set. However it is 

very clear that under such situation the frequencies given 
by eqs. (b) and (d) are similar i.e. the 4-roots are 
are doubly degenerate. 

The above arguments are valid for any cable 
network with double -orthogonal planes of symmetry 
provided nodes do not come on the planes of symmetry. 

SXAMPIE - 5 ELMER ORTH OGQKAI & RID SYSTEM 

Consider the grid system shown in Pig. (3.9). 

This has symmetry elements (3, CT ? C^,C^ y C^ ) 

but only (T ^ and will be used. 

In this example there are only rotations and 
moments and torsion is neglected. 

The sub-matrices of stiffness matrix are given in 
Table (3-3) 
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31 

1 


3 = 0 


A+B+C 


A ~ -D 


+ C = 


A+B-G 


A-JJ- 


231 

*"]?" 


2 El 
l 3 


231 

l" 


231 

1 


Their inverses are 
1 

-1 


(a+b+c ) 


231 


0 

2 


! 


0 

2 1 

1 5 

0 

2 1 

1 3 

0 

2 1 

1 4 

0 

2 1 

1 3 

0 


0 


0 


0 

2 1 

1 5 

0 

2 ' ' 1 

1 5 

0 

2 'l 

1 3 

0 


n 


( 5 / 9 ) - 0/9 0 


-( 1 / 9 ) + ( 2 / 9 ) 


2 1 

1 3 ! 

0 


< ( 5 / 9 ) 

i 

- 0 / 9 ) 


-( 1 / 9 ) 
( 2 / 9 ) 


0 



123 


(A-B+C) 


-1 


1_ 

231 


| (3/8) 


-( 1 / 5 ) 


i.-( 1/5 ) . . (2/5 1 


0 


> 0 

_ (5/9)' 
-( 1 / 9 ) 


-GY 


23 


! ( b/9 ) 

5 

! -( 1/9) 


-(1/9) , 
( 2 / 0 ). ! 


0 


0 

(3/5 ) ' 
-( 1 / 5 ) 


( A-B-0 ) " 


1 

2EI 


| (3/5) -d/5); 

-(1/5) (2/5/ 


0 


0 


I (3/5 

: -( 1/5 ) 


found 

Once the inverse' has been/the bending problem 
is atonce solved. 

As an example let 


3. 


— V 

o 

1 


0 

. 1? =17 = p = 

’ ~ 2 “3 4 

0 

10 j 



0 

0 

0 

0 


Then X-j + Xg + X^ + 


(50/9) 

-(10/9) 

-(10/9) 

(20/9) 


\a ~ Xr\ "t” X-7 — X 


- i_ 

4 ~ 23 1 


6 

-2 

-(10/9) 

(20/9) 


-( 1 / 9 ) 
(2/9) 

-( 1 / 5 ) 

( 2/5 I 


-( 1 / 5 ) 
( 2 / 5 ) 

KX=B 
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X 1 



1 

2BI 


(50/9) 

-(10/9) 

-2 




'Therefore X-] 


1 

72SI 


X, 


1 

7231 


1 

23T 

' 208 
-56 

-56 

112 

0 

0 

16 

-32 


6 

-2 

-2 


4 i 


i 

~-8 ~ 

i 

Y - 1 

2 7231 

16 

0 


L o : 




’ 0" 


Y = JL 

0 


" 4 72SI 

0 

9 


_ 0 __ 


Once the displacements are known, one can determine 

the bending moments and shear force diagrams etc. The 

above procedure remains unaltered if applied to vibration 

or 

problem because the con si stent/ lumped mass matrix will 
have exactly same gross symmetries as that of stiffness 

matrix and corollary-1 of this section is applicable. 
(The procedure could be applied to big structures while 
solving them by computer. The basic purpose here was 
illustration of the procedure and not solving any 
big problem). 



3.3 m -FOIL G YG II 0 S YlfflCS TRY 


Here the structural system with a C , will be 
considered. They may and may not have (T's. let the 
structure be partitioned in such a way that there are 
m-subs : :ructures and when a rotation by a mutiple of 
~~~ is performed the structure goes into itself; e.g. 
a hexagonal frame (Fig. 2.15) when rotated by 60°, 120°, 
180° - - - 360° it coincides with Itself. 

Let there are n-degrees of freedom in each sub- 
system. (Assumes no node common to two sub-structures). 

Let X^, Xg, X^ - - - - X m are the displacement 
vectors^ F.| , F^, - - - - F ffl are the force vectors 

in sub-structures 1, 2, - - - m respectively w.r.t. 
their respective cyclically symmetric global co-ordinate 
systems . 

Then the total displacement and force vectors for 
the structure are? 


'*1 ~ 


F 


~ V 

?2 

X m 

and 

i 

i 

! 

! 

i 

5 2 

p 

m 





— 


X = 
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Which is written more explicity a s% 



i> D =1»2, m 


an d K . . 

X J 

How if 

or anticyclic manner, the operations will correspond to 

2 77 

a rotation by + — p- for every interchange. 


K.. (G-reen’s - Maxwell reciprocal theorem) 


\ F i 


- A 


F, K 

z m 


are changed in cyclic 
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Consider first the cyclic-interchanges. Let T^?- - - 1^ 



In a similar way one can have a set of operators 




- - - A such that ; 

01 
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129 
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A, 


'm = 


(3) 


where I is a unit matrix of n x n. 

f p \ ? 

Thus one gets two sets of ran x ran matrices Ti j and j T 

under which the system changes into itself. Properties of 
r 7 > 

the sets Th j and -j A s J are following; 

2 


1 2 = *1 
1 3 = T 2 T 1 = 

'3 X 1 T 1 


fp rp = rp f 0r an y i j 
1 J ^ 

T. (T .T. ) = (1. T . ) 1' 

1 ] k 1 D k 


-.m 


m 


In T v = I for any i and 

... (4) 


L i x k 
same k. 


Exactly similar properties are hold by the set S A. 


Anticipating the matter of next chapter, the sets 

<£- -i >• '' 

1 T- 7 and 4 A- 7 f..-rm grouos. 

L 1 J ! 

Kote worthy properties of the two sets are that. 


1-jA.j = I and Tp = A 


m A = T 

-JL- 2*^2 — 


1 


,1 


L i 


= A r 


I = unit matrix of nm x nm 


T A = I 
r r 


T x = A 
m m 
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det 

1 'T >1 A 

4 1 

il - 

det \ 

r ll 

det | = det |T.jj 

det 

det 2 

! h S 


1 




det 1 

Ibi = 

± 1 = 

1 (- 

V:; = 

i ~n is not allowed) 


det 1 

1 T r' = 

det j 

hi 

= 1 



det 

Erl = 

det 


= 1 



Therefore , 

l' r and A r 

are 

non-singular matrices. 


and 

T 1 
r 

= A 

r 

= T 1 ’ 


© 0 © © 0 © 

(5) 


how 

if equation 

(D 

is operated upon by To or 

A. 

i 

one 

gets 








i- 1 Tl 

X = 

rn 

x i 

B 



A Tr A 

4 * A A 

l 1 A i 

X 

A t B 

( i = 1 , 2, - - - m 

\ 


But operations by Ob or A^ does nothing more than 
inter-changing substructures. That is physics of the 
problem does not change under In or viz. 



and K Z = B are one and the same 

! i I j * -i 

K 1 X 1 = B 1 

set of equations except for the change of order of the 
variables. 

Therefore !l = K = 
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or 


m r, T -1 
a y a ~ 1 

A i i 


Ji 


i = 1, 2, - - 


m 


( 6 ) 


These are 2m - sets of n-equations out of which only one 
set is independent, i.e. if one set is known all others follows 
immediately from that one. The simple reason behind this is 
that. 


*i 




.,-1 

i 


i.e. the group property of the 
sets \ 




(7) 


e.g. Prom T-,ET 


-1 


■11 


follows 


i2 vm ^ 
■1 ld 1 


T 1 KT 1 = K i.e. IgK T^= '1^!^= K 


3 T rf . t 3 >~1 


and the Ttj K(T^) 


= T 2 KT 2 1 = K and so on. 


Similarly T-jKT-j = K implie 


:? l71 

I’l K x T^ 

T' T 
A 1 K A 1 


y 


A 1 KA 1 


1 


iV 


Phe re T 


md 


T , _ m-1 /T ,-1 

-| A -J -j -* 1 -| 


= K have been used 


or A^IOL 


K also follows from T-|KT^ 


( i=1 » 2, - - - m) 
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or 

—■ 

iv mzn 

-,-T 

“1m 

k L - 

- - - - 

m 

m- 1 , m 


V V 

“11 “12 

TT 1 

a o J.. .. ^ 

Ira 


K 1m 

“11 

Y - 

1 12 

- - - 

K- 

im-1 


V ^ Y 

iV 12 “22 ° 

• ■ K 2m 


K 2m 

t ,T 

“12 

K 22 

“ — 

L 2m-1 


rrT ^T 

xY. iy~ — 

1m 2m 

K 

mm 


Vi 

K > 

9 m i m- 

■1 h 2 m-1 

— - ~ 

^"m- 1 , m- 1 

j 



There 

fore, 

F 

"mm 

= K 1 1 

= K 22 

K 33 

- 

~ _ “m-1 , m-1 

-n 

“ r> 1 



K 12 

“23 

K\ 

II 

~ 

“ 

- = K - 

ml 

-p 

— 23 

2 



K 13 

IC 24 

K 35 

~ Iv 46 

- 

= L m2 




B im 

T7~ 

iV 2 1 

CM 

KA 

W 

II 

== - 

- 

- = K 

J ' m, m-1 

"“m 

Therefore, 









• :j i 

3 2 

T> 

" ’3 

- - 

- - ■ 

" B m . 



3 1 

CM 

- - - 

- - 

B m-1 


1 

s 

rq 

■ b n 

3 i - 

- - - 

- - 

3 m-2 

... (8) 

B 2 

B 3 

3 4 ‘ 

- - - 

- ~ 

3 1 



T Jith B m = 3g, 3 m _i = - B 3» \_ 2 = B 4 811(3 30 ori 

However if instead of T-j one uses A-, one would gets 
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'The two forms are similar as pointed! out earlier in Ilnd 
Chapter in connection with cyclically. symmetric matrices. 
Rewritting the equation (6) in the following form one 
gets 

TjK = KT ± i . e . , K J = 0 

AjK- = KA^ i . e . j” A . , K = 0 

Hence by the theorem stated (38) (which can be proved 

in no time), there exists a set of vectors which are simult- 
aneously eigen-vector of Qh , and K. However it has been 
already stated that only will be taken for the present 

purpose. Thus one can find a vector ’which is simultaneously 
eigenvector of T-j and K ie. 1^= t^ , K V” = 

It has been seen that 



, m 

or t = i 

1 
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or t 1 = ©i = the m-th root of unity = 

i k . in 

(k = 1, 2, - - - - m) 

One can see that 


1 i_ 


y 1 
A 1 


' ~r 
~ V 1 

1 ' V' ' 


v 


’V 

* 


A 2 



* j 


* 

mu-1 

• 

» 



=9, 

# 

i 


c i 

k 


* 


! 


[ • 

• j 




9 

i . 




. 


j 

_y 

.. 

1 

A 


Note that ©P ^ = one of the eigen value of Th. 

.tl { 


The above equations can be satisfied if, 



r 

~7“ 

A i 


z 2 


X, 

3 

• — 

X 

L m - 

| 

i 


I9 k 

I© 2 

k 


Chis follows immediately 


from the use of Q: 


m 


1. 


! I©: 


m-1 I 


Thus 


I 

I©. 

I©. 


ie. 


m-1 
'k -I 


are 'n ! eigen vectors of T^ for 
eigen value ©^ ^ (k=1,2,» . . m) 


vo m -v vo 
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Hence the matrix formed from the eigen-vectors of with 


eigen-values 9, 


i-fold degenerate, with k=1,2,3. 


19? 1 I9? _1 19? 1 


i.e. I . . =1 9 . 
1 D d 


= I©' 


(This type of matrix was ecountered in II Chapter in connection 
•with matrix symmetries). Before any further discussion, it 
is better to get aequinted with this matrix by knowing some 
of its crops rties. 


Consider TI first. 


n ml 

'id jk 


- . ^ ± . n T* ± . - i. T X . _ _ 

i1 u i2 2x i3 3k 


T' T 
irn ink 


Q k-1 a i-1 Q k-1 
®1 + ®2 ®2 


e l 1 e * 1 1 


a+k-2 


+ ei +k ~ 2 + 


— — +© 


i+k-2 
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m . , ^ 

— j gi+k— 2 


2 - 3 
3 = 1 


Then by using the fact that if o^, 0( , - - - are root 


in 


of the polynomial f(x) of degree ’in' then ^-7 n = -t^e 


2 °< 


-n~1 


f (x) 


k=1 


coefficient of x n ' in f(x) w ^ len expanded in descend- 

ing povrers of x (which can be proved by observing that 


f'(x) 

f(x) 


1 


x- or 


+ - 


1 


X - 


0(2 




1 


X -<K 


■m 


and expanding the both sides in descending powers of x), one 
gets that 


in d f n * \ 

= coefficient of x -11 '’^ in Jx x 

3=1 x T1 -1 


VO 

because, ©• is the root of x -1- 

J 


m 


Therefore, 2 9 h = 0 if n / 0, m, 2m, 3 m etc. ( 9 a) 

3=1 3 


= m otherwise, 


So , ( TT T ' ) . 


m 


ik 


I 


or 


TT = m 


2 

3=1 


gi+k-2 = raI if i+h_2=0, m, 2m etc. 
j 


0 


. I 
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(tt t ) 

2 

; n 

a 2 I - 

- ~ - 

where this I is nm x nm. 

or ( 

T'T T n 

2 


T 

mm- 1 - 

( 1 _L 

-1 

\ 1 ± 

m 5 


= I 

ill 


and 

det 

1 

(it 1 ') 2 

= 

det • det | TT T = det 

or 

det j 

T 

1= <± 

\ nm 

tn ) 2 

where use has been made of, 

det 

| ab 


det 

A | - 

■ det j B j; det j ! = det A and 

< II 

de t 

} tn 2 I 


= (m 

2 ^nm 



This shows that I is a non -singular matrix as it should 
be because it is a matrix obtained from eigenvectors of 
lb as columns. 


At this stage one very important result can be 
obtained . 

Consider the matrix^ 




(KT),. 


m-i+2 ! 


m-i +u 


'nr 1 


m-i+1 


I^i 2 

19 k 

T Q^" — ^ 
v k 


jl9, m 1 


4 ,-d n 

J m-i+2 m-i +3 k 


0 , + b a 1 2 +B,a 1 1 + b .© 

k m k Ik m-1 


ft 1 ' 1 9, ! ’- 1+ ' 
k k 


( +-l +2 +; k-l + 5 e k + B m e k 2+B 1 S k 1 


Q m ~ ' ) 

J m-i+1 k > 


(because © k 1 © k : '' +l 


( 3,©; 11 

1 k 


. -n QUr 
+ iD 2 © k 


B ©, m 1 ) 
m k 


© i_1 ( B 

y k ( 


! 2 9 k + 3 S ®k + 


B 9 m 1 ) 
m k 1 


G 1 D 1 


© 2 D 


^2 2 ~ ^ ^ 

© 2 B 2 ©^ 


© D 
m m 

© 2 d 

m m 


e!; 1 1 ©J 1 d /3 ©“” 1 d, © m ^ 

1 2 2 3 3 mm 


B ^ 
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Therefore, det \ KT = det ^ T ^ • det 




where 2^ = 


2 b k + 3 3 °k 


( 11 ) 


Thus the determinant of order nm x nm breaks in the factor 
of determinants of order n x n. The values of determinants 
are of interest in determining the Buckling loads or natural 
frequencies of structural systems where some determinant is 
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equated to zero. Buckling problems of frames are 
usually given by one of the two forms (42 and 43 ) . 

(a) KX = MX 

(b) KX =0 for non trivial solutions for X i.e. 

det K - II | = 0 or det j K J = 0 which applying eq. (11) 
get factorised in to smaller order determinants. In both 
of the cases the role of the symmetries of axial loads 
in K of K and M is important because the elements of 
K or K and M are dependent over axial loads also. Hence 
the symmetries of K or K and M are now determined by 
not only geometry and members aggregate symmetries but 
also by axial load symmetries in the members. Hence 
the axial loads should also be cyclically symmetric if 
K or K and M are to be cyclically symmetric matrices. 

This point is not at all cleared by any of the earlier 
authors (18-23) although (20, 22 and 23) derive similar 
formula as (11) for buckling loads from different approach. 
The buckling problems of the form (a) correspond to the usual 
free vibrationfcroblera and that the form (b) also corresponds 
to free vibration problems can be seen from Nowaki’s (44) 
book. Here the symmetries of the problems are also 
determined by the symmetries of Hass matrix for the problems 
in the form (a) and by the symmetries of complicated inertia 
effect for the problems in the form (b). 
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Thus buckling loads or natural frequencies are 
determined by 

det | Dj. = 0 (k= 1,2, m) 

where now are n x n, matrices. As an example, 

consider the spring mass system shown in Fig. 3* 10. 

Total no. of degrees of freedom here = 6. Applying the 
present procedure, the characteristic equation determining 
natural frequencies breaks into three 2x2 determinants 
which can be solved in no time. 

Coming back to the general problem of analysis, if 
one applies l 1 ^ to equation (l) one gets the following? 

T _1 K2 = T _1 F or T -1 KT T -1 X = T _1 F (12) 

Note that T ' exists because det | T j = 0 has been 

proved. As has been shown earlier, eq. (10) that, 

3 1 

0 

Hence one gets equation (12) as: 
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Now the problem is to find T . This has been found 
as follows s 

f I 

I9 1 I© 2 



Consider first 
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If one multiplies this by 


One has 


I©- ie 0 

I c 


X 9 . 


19, 


19 . 


:© 


2 


I 

0 


0 

I 


Similarly one can see that 


1 

I 



i 

I 

i 


19 1 

19 2 

19, 

? 


19^ 

10? 

? 

19? 

Here 

one has to 

use 


m 



i.e. 

z 

G n 

K 



k=1 



Similarly for T 

= 4n 

I 

I 

1 

I 

ie 1 

I ©2 

19, 

5 

I9 4 

ie^ 

I©2 

19? 

3 

iej 

4 

I9 i 

I&2 

I9~ 

3 

K 




19 . 


19 ; 


2 


rn2 




19. 


0, if n / 0, m, 2m etc. 
m otherwise. 

4n x 4n one finds 


I 

I 


19 

19 ; 


1 


IQ* 

I ©2 
2 


19 


I© 


19 


19 


10. 


10, 


id- 


le 


4 


L 
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where one has to use a; ain 


__ m 
Zi_Js 

k=1 


Of = m if m 


0,m,2a- - - 
0 otherwise. 


From looking at the patterns got shove one tries following: 


H 

( 

I 

i . . 

T 

S j i 

l i 

- 1 

1 

I©“ 2 . . . . 

!9 1 

I9 1 

I9 2 

I© 3 . 

. 19 

ni 



is”" 1 

I9®" 2 . . . . 

T9 2 

I9 1 

I©2 

O 

c\i ro 

CD 

H 

. 1 9^ 

01 


T 

i 

o 

isr 1 

I9?~ 2 . . . 

0 

19, 

3 

0 

is”- 1 

« 

IOg" 

1 19^ 1 

0 

0 

T ^m-1 

raj 


o 

I 

is”- 1 

m 

is”’ 2 . . . 

m 

0 

o 1 9 

m 




Thus T ^ = ( i/m) 



I 


7/he re one has to use the 
eq. 9(a) viz. 
m 

3\ of = m if k =0, m, 2m ... . 
k=1 * 

= 0 othervih.se. 

no — 1 '“i 

19/ .... I© 1 ’ 

ie l 2 _1 .... i© 



19' 


m-1 

'm 
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At this stage 

one 

j c am 

prove am 

later 

• 




let 



T 

T9 m ~ 1 




I 

is ”- 1 


T" 1 = A 

= 

o 

° 


( 1/m) 

- 

- 




I 

is ”- 1 

m 

'Then . 

ml — T 
, - 1 

has been seen. 

one 

also has 

A rp 

ill 

n T o 


in de 

tail one 

has ; 


F 

I 

H 

CD 
-»■ B 
\ 

I©?" 2 . 

1 

o » iG 

I 

ISg" 1 

0 

I©2~ 2 • 

• • c 1 0 

• 

0 


• 

- 

;! I 

H 

CD 

B 13 

1 

v 

I0 1T1 2 . 

m 

. . I© 2 


. 19. 


10 . 


10 


m 


! I 
1 19 


1 


I 

I@. 


jie® 1 i @2 1 


m 


T 


0 


.1 

19 


m 


. 19 


m-1 


m 



U8 
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and 

*1 

*2 





l — 1 

1 

M 

CD 

1 

. . . ie 1 


' F 1 ' 

= 1 

I 

T0 m_1 

xB 2 

■ • • • I0 2 


C\J 

fa 

m 

° 

• 

• 

| ; 

6 

0 


I 

I0 m_1 

tn 

* . . . IO 

m , 

[ 

• 

F 

m ; 


'm 


i. e . X k = (1/m) (X 1 + 31 


a 111 - 1 + Zj a 


2 k 


m-2 
k ' 


=-(P 1 + ¥ 9 ? 1 + f ©®~ 2 + 
m l 2 k 3 k 


+ X ©, 1 
m k' 

( 15) 


. . + F ©, 1 

m k- 


( k = 1 , 2 , 3 , . • o . m) 


Solving 

for one applies 

T to, this vector 

to get 

i.e. 

X = T X 



or I k 

— X -j 9 j 4- Xg ® 2 

+ + . 

. + 1 © k_1 . .(46) 

mm 9 v J 


(k =1,2,.. 

• m) 



Summarising the results, the following theorems may 
he stated* 


Theorem 1 

If a structural system has m-fold cyclic 
symmetry, such that the system may be partitioned into 
’m'identical substructures (each of n-degrees of freedom 



I5t> 


and aving no node in common) which under rotations 
b y ( k=1 ? 2 ? = . „ m) coincide with each other, 

then by the choice of cyclically similar global 
co-ordinate systems for individual sub-structures, 
one gets the following form for the stiffness matrix. 


K = 


3 , 3 , 


m 


m 


3 . 


B 


'm-1 


3, 


. B B. 
m 1 


rp 

with K = K 


T heorem 2 s 

If a structural system with ’em' degrees of freedom 
has cyclic symmetry then its stiffness eq. (1) 

gets factorised in to m-sets of n-equations given by 

D k = I? k ( k — i, 2 , . . . . ,m) 


i k = b 1 + 3 2 e k 

F k = (1/m) (P 1 
X k = (1/m) (X 1 


+ B 5 9 k + 


+ B ©^ _1 
m k 


+ P 2 e “-1 p 3 0“- 2 + 


+ 


J 0,1 
m k > 


+ Xje” 1 + Ij9® -2 + • 


+ VI 


where 



15# 


or X k = (1^ 1 + U 


4- 


+ X 9*- 1 ) 
m m 


“Where 9, = e — = one of the rath root of unity. 

m 

C orollary -1 . 

If along with structural system, the load system 
is also m-fold cyclically symmetric then the displace- 
ment is also cyclically symmetric and hence one needs 
to solve only one set of eqs. (14), viz. J> m X m = l? m 

which reduces to 


(B 1 + B 2 + • • • • + V X 1 = *1 

where B-j, Bg ...... B^ are sub-matices of K of theorem 

1, and X ^ and P.j are the displacement and force vectors 
for one of the sub-structures. 


P roo fs 

The cyclic symmetry of load system means 

Pi = = F 3 = I 4 = = F m 

Therefore, F k = ( 1 + 0^ + + + ) 


= P-j if k = in 
= 0 if k ^ m 


Prom ecu 

• * * • <T 4 


(9b). 
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Therefore the m sets, of equation of (14) reduce to 


3 1 2 1 

= 0 

implying 

x i = 

0 


*2 S 2 

= 0 

implying 

X 2 = 

0 

because D^. are non- 






singular matrices. 

Vi ] 

Vi 

= 0 implying X ni _^ 

=0 


D X 
m m 

= F 1 





Now from e q. ( 1 1 ) 


D = B i + B 0 9 + + 

m 1 2 m 3 m 


+ b e m_1 

m m 


But 9 = e = 


m 


m 


Therefore, B m = B 1 + + 


+ B 


m 


From eq. (16) one has, 


X k = 2,9, 


,k~1 , rr — 1 , ~ 


+ x 0 ei 1 + it 91 


+ X © k 1 
in m 


= X ^ because X. = X 0 

til Lil | ^ 




X - = o 
m-1 


proved above and 

X m = (1/m) (X, + X 0 9„ m_1 


k- -1 1 ^ 

1 2 m 


+ x„e 


3 


m-2 

m 


X G ) 
m m 


also = 1 


+ 
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Iherefo re > 


A 1 + l 2 + X 3 


m 


m 


, k=1,2,. . . m 


■ e. Z-, = X 2 = X 3 = X 4 


m 


Therefore the displacement is also cyclically symmetric . 


Hence X. o = ih reduces to 

in in m 

(B^ + + 3^ + . . . . . B m ) ( X-j + Xg + 

m 

or ( (3^ + + • • • • + B ffi ) X^ = and the 

corollary is proved. 



Corollary 2 

The natural frequencies of a m-fold cyclically 
symmetric structural system with mn -degrees of freedom 
are determined hy the roots of the determinantal equations. 


det 

det 



0 


det 



and the corres- 
ponding mode 
shape are given 

hy 


x. 


Vk 

x i e k 


x*& 


m-1 


Ik 


i 


0 


(k=1 ? 

o o o til ) 
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where I> k = 


b 1 - w 4 .! 1 + (3 2 -w 2 n 2 ) e k 


2,, \ A m-1 
(3 -w H )9, 
m m k 


where H k = subma trices of the mass matrix H which has 
similar symmetries as 1C. 


Proof: 


As remarked earlier the mass matrix will 


have the same symmetries as that of E provided one uses 
Ar cher's ( 39 ) consistent mass matrix, (and of course for 
lumped masses). 


i.e. 


H 1 I! 2 


bn *"1 


"2 3 




The stiffness equation for free vibration is given by 


2 , a 

w m; a = 0 


or KX = 0 whe] 


Now for non-trivial solutions one must have 


de t | 


0 which determines w. 


? rom eq. (11) one gets 

m 

det | E i = TT 
k=1 


W\ 
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2 2 
where D, = 3. - w H + (3 0 -w M 0 ) 0. 


k 


. +(B -w ii )e; 1 
v m m k 


in- 


or det 

B i ! 

- 0 


de t 

5 2 ! 

— () 

V-' 


det ’ 

3 | 

= 0 determine the w. 



m j 



Note 

tha t 

this proof is obtained with the 

help of 

equation (11). 

The same could be obtained from 

ei ther 


equation (14) or from theorem 2 of this section which are 
more general than equation (11). 

Prom equation (14) it follows that KZ = 0 means 

Djj. \ = 0 (k=1, 2, ... m) 

Therefore ICC = 0 (K = K-w M has same symmetries as K) 
me an s th at 


\ \ = 0 


{ — i 

Now let det 3^1 = 0 for some k 


= 1 and for all other k 


det Djj. ^ 0 

Then = ® f° r sll ^ / 1 "because (k ^ l) 

are non-singular matrices, viz. for frequencies obtained 


from det 


Dn 


= 0, one has 


= 0 for k £ 1. 



From eg. (16) then 


6 


- i-i - _i-i 

x. = x. e: + x,e; 

l 11 ^ r 


-f X-| 9* » . • + X 9 * 

11 mm 




Therefore 


'1 


'2 Z l°l 


Z 1 9 l 


A 3 Z l°l 


2 _ 


"1 9 1 


m 


^m-1 = - r Q ra-1 
^1"! A 1 1 


Therefore for the frequencies obtained from^ 


det 

I h 

1 = 

0 one has 

' X 1 


X 1 


r 

A 1 

S 2 

= 

\ a 

! 

i 

1 ° 

t j 

: 

Y O 

“Ti 

v p2 

^1 y l 

X 

m J 


! 

| * 

V, 

L. — 

.1 

m- 1 ! 

x i 9 ? I 

U 


1th mode-shape 


This holds true for any 1=1, 2, 


m. 


Therefore mode shapes are given by r _ 
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A. 


Z 1®k 
y a 2 

Vk 


V © m_1 
'^1 K 


STote that for each k one has n -column vectors corresp- 
onding to the n-frequencies obtained from each det j 


= 0 


Corollary 5 


The buckling loads for m-fold cyclically symmetric 
structural systems under m-fold cyclically symmetric 
axial load systems are given by 


det 



0 


(k=1,2, . . . . m) 


where are functions of axial loads. 

The corresponding buckling modes are given by. 




“■ ^ — 

j\. -| 


yr 

jL 2 


v Q 
-^i y k 

* 

— 

v © 2 
A fk 

yr 

! 

j 

T ©m-1 

A 1 w k J 



1 58 


Proof; 

'The proof of this corollary is exactly similar 
to that of corollary - 2 if one recalls the 
buckling loads and modes are riven ty 

KX = MX or EX = 0 


Note that the so called ''critical load" is given 


by the smallest root of det 




= 0 for all k< 


To illustrate these ideas, following examples 
will be considered . The example 3 of the previous 
section will be taken, but instead of using its double 
reflection symmetry, its 4-fold cyclic symmetry will be 
used here. 


BXAMPIS 1 

Consider the orthogonal grid work shown in Pig. 3*9* 

This system has symmetry elements (3, 0 ^, CX, CJ, (3”, 

2 3 

C^, 0^, ). In section 3.2 only CTj and 03, were used. 

2 3 

Here only (S, 0^, 0^, ) will be used and the procedure 

developed in this section will be applied. Then this 
result will be compared with that of section 3-2 and 
the superiority of the either method with regard to 
this problem will become clear. 

Since this system has a'c^_ therefore the 
procedure developed in this section is applicable with 
m = 4 and n = 4. 





Therefore, stiffness matrix is 


-D~ 


B, 


'4 

*3 


4 


b 4 ! 


b~ i 

b ; 


\ 


v^here Bj_ are 4x4 
matrices 


5 4 


Since the sub-structure 3 has no connection with 
sub -tructure 1, therefore 3-^ = 0„ 


So, K = 


B 


1 




n 


n. 


0 


rn 

,U 


0 


JD 


0 


3 


13 


1 i 


The stiffness matrix is given in Table 3*4- One has 


B. 


II 

1 


, 4 

: 2 


ill 

1 


s ! 
J 


From theorem 2 of this section the stiffness equation 
b re ales in tos 


T) v 

u 1 ^ 


Tb 


D 


V 

2 a 2 





TABLE 3.4 

STIFFNESS m mix FOR THE GRIB SHOW IN FIG . 5.9 (Considering cyclically symmetric) 
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D^X, = 
3 3 

P 3 


wh 

.ere 

\ 

*P 

_ -°1 


®k +3 3 

®k + Vlt 

D 4 X 4 

? 4 





= B 1 

! *n 

T -Dg 

®k + S 2 

© 3 

“.C 







T7 

= 1( 

1? -t 

- 1 ? 9 3 

+ P_ 

.Q 2 + P.9, ) 






*k 

4^ 

1 

* 2 k 

3 k 4 k' 






X k 

= |(V4 9 k + 2 

- e 2 

“3 y k 

+ X 4 V 






j 

= )T . 

s, k " 

‘ 1 + t Q k-1 + T_G k V x.e k 






\ 

"'1 

1 

2 

2 

”3 3 4 4 

where 

9 1 : 

=1 

9 

G 2 

= -1, 

D 

= i 5 

■ «4 =- 

- i 


Thus 












B 1 = 

3 1 

-f 

3 2 + 3 ^ 

9 

B 1 ; 

= (1/4) 

(i-i 

+ 1 ? 4 - P + P , 

2 "3 4 


D 2 - 

B 1 

- ; 

B 2 

- B 2 


? 2 

= (1/4) 

<4 

-P 2 +P 3 -P 4 ) 


D 3 = 

B 1 

+i 

(b 2 - 

- B 2 ) 


TP 

3 

= ( l/4 ) ( F 1 - 

P 3 -i(P 2 -P 4 )} 


D 4 = 

B 1 

-i 

<V 

_ g 1 ’ ^ 
15 2 1 


US 

x 4 

= (1/4) 

(?1 

-P 3 +i(P 2 +P 4 )} 

Therefore t 

he 

sti 

f f n 1 

ess e 

quations 

are s 



( B 1 +Bg 

+B2') 

(Z 1 

+X 2 

+Z 3 

♦v 

= ; 

F - 4 - 

1 

? 2 ~3 

+ P 

4 

f Tl -pi 

\ -o -| -x>2 


(x. 

rr 

y '2 

» 

-X 4 ) 

rr 

7 S 

- -| 

? 2 + ”3 

“ 1 

4 M 

( B 1 +i ( 

B 2~4 

)) 

(x t 

-h 

-i(X 2 

*' X 4 ' 

- 

B 1 - P. 

3 “ 

i(P 2 -P 4 ) (e) 


Cb 1 -i(b 2 - b^)) (x 1 -x 3 +i(x 2 -x 4 ) 


= + (d) 
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How if one wants to work with real quantities only, 
the aquations (c) and (d) to-gether are: 



| 

— , " 1 


f— 


r- 

- 


' T-» 

( B 9 -B4 )! 

2 * 1 
! 

: 

! V v ! 

j -M \ 

[ 1 

1 

! 

- 1 

- P 

3 

3 

T 

^2~®2 

1 

3.4 ; 

i i 

I 

i 

I 

L *2 J 

J 

__ P 2 

1 

! 

These 

equ at ion s 

are row 

8 

coupled 

equations 

while 


equations (a) and (b) are 4 coupled equations each. It 

is very clear now, that the present scheme for this 

example is inferior to the scheme of section 3.2 (where 

4-sets of uncoupled equations were obtained) viz., if 

structural system has symmetry (3, 0^, 0^, 0^, CTj, 07,, CT, CT^) 

and if one uses only (J i and < 5 ^ one gets more simplifi- 

2 3 

cations in problems than that from S, 0^, and 0^ 
although the latter looks to be a symmetry of higher 
order. Hhat would be the simplification if one uses 
all the 8 symmetry elements seems to be a valid question 
now and will be answered in latter chapters. In any case 
this example distinguishes the two kinds of symrse try 
elements which imtui ttvely seemed to be one and the same. 


Coming back to the problem, 



4 

2 ; 



3 1 + B 2 +B^ - 

C\J 

i 

i 

i 

CO , 

i 

l 


_2_ 



i 

l 

4 

2 



CM 

2 

1 

00 
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One finds that these matrices are mo re populated than 
the A+ B ■ + 0 of section 3- 2 (Example 3) which poses 
additional difficulties in their inversions. Working with 
complex quantities, however needs inversions of only 
three 4x4 matrices and one has 




T\ 


S 1 + ±( ' B 2 ^2 '' 


7l 

QO" 


! (26/7) 


•1 (i /l) 

2 -{ 21 / 1 ) 


•(i/7) (2i/7) <26/7) 

(2 i/7) -(4i/7) -1 


I*or a check let us take same load vector of example 3 
of section 3.2, i.e. 



o 

( 


' 0 

TH — 

J l 

0 

0 

P = p = p = 

2 3 4 

0 

0 

L 

10 


1 0 


Then, 


X, — + X 0 + X_ + J. = 


4 931 


X 2 X 1 


X 2 + X 3 


931 


28 

-11 

- 8 

16 

24 

- 3 

- 6 

12 


x 3 = X 1 - X 3 - VV= 9ll 


26 - 2i 
-7 + 4i 
-7 + i 


i 1 4 ~ 2i „ 


(2i/7) 

(4i/7) 

-1 

2 



2 


26 ') 
-7 I 


Then X„- X, 

i , 0 

“1 

__ 

-7 

-;r 

“* ^ “ c 

1 

~ C^T 

-7 

“2 

331 



i ! 

t 14 j 




; 

26 


i 

2" 



<~7 


i 

93 1 

-4 

There fore , 

1 

Z 1 = 931 

-7 

CXI 

M 

0 



_ Hi 



0 ; 






! 


* 

— 



r v 


1 

1 

0 



0 


1 •' 

0 

~T 

1 

0 


~ r J_ j 

a 3 ~ Wt 1 

0 

h 

931 

-1 


j 

0_ 



2, 



which exactly tallies with the result of section 3*2 
hut has cost more than the procedure of section 3*2. 


-2 

Consider the free vibrations of the spring mass 

system shown in Pig. 3. 1P( a) . Here the system has symmetry 

(3, 01 ? Cl, 01 0-, , C_) but due to the limitations of the 

2 

the present chapter's approach one can use only (3,C^,C^) 
and CT V di,, can in no case be used. 

One of the difficulties in solving such problems 
by hand is that of formulating -the problem i.e. in 
determining the stiffness matrix because of complicated 
geometry. However if one is convinced of the theorem-1 
of this section, one would find enormous ease in determining 
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the stiffness matrix for such system because one has 

mr> ^ 2 2 

to determine only about elements out of m n 

elements, where m and n are as used previously. The 

same of course holds true for any cyclically symmetric 

structural system. The physicists (45 ) determine 

the stiffness matrices of such systems in cut and dry fashion 

by putting enormous ungauranteed bull work. Usually it 

is easier to visualise forces than displacements and 

hence in such cases one should use the procedure of 

section 2.3 viz. 


T 

E = ASA 

where A, S are projection and member stiffness matrices 
respectively. 


1 

2 

3 

A 

4 

i 

5 

) 

b 


let us number the spring and nodal forces as shown 



in 

Tig. 3. 10 (b ) . 

Then the A 

matrix is 

given 

by 
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0 1 : 
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0 - 
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1 ! 2 
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u 

T c 

8 

9 
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i 
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L 

! 

J 

0 -1 

o' ^ 

0 , 2 

0 

2 j 









in i 

x 10) 


12 ! 
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1 o 6 A 


Also , 


A. 

0 

0 


"1 


0 A 
0 A. 


A 1 A 4 ! 


mere 


2x3 matrices. 


a 


a 0 
a 


where a = 


0 


! 0 k 2 


b 


J£ 


1 


1 0 | 
k. 


■1 


0 


iV 1 ! 


( k 1 ? k 2 9 k 3 are s P riri £ constants as shown in Pig. 3.10(a) 


Thus 


T 

ASA 


— 






A 1 

0 

0 4 

L 2 


a r-1 

0 

0 

A i 

0 4 

* 

a 






a 

0 

0 

A 1 A 4_ 


0 b 

A 1 

0 

0 



0 

A 1 

0 



0 

0 

i 



1 

\ a 9 

L- ^ 

A 3 

4j 




A 1 aA ^ ■+■ A 2^0 k 2 

AgbA^ 

A 2 bA 4 

, , , I 

A “2 

T T 

A i aA^ + A^ToA^ 

A 3 b 

a t 

~4 

^4 oA 2 

T 

A^bA^ 

k -| SlA ^ 

T 

+ V A 4 



168 


It can be seen that - A 1r cA 
I 


Also A k A fe 


1 

2 


0 


o 

o' 


k., A^A'I because b = V 


(k=1, 2, 3 and 4) 


and A-,aA^ 


' "4 


A 2\ 


A £ x 

o 2 


2k, 


lC 3. 


a 4^3 


(1/4) 

(5/4) 


•(0/4) 

(5/4) 


Therefore the stiffness matrix is given by 


iv 


ii 

3 J 

B 


jD 

S 


B X A 


Mass matrix is M 


k 1 

2 k 2 + ~ 

o 1 
J 1 

! ? k i 

4 k 1 

• -Ik 
j 4 1 

03 , 

4 k 1 

0 

3 k -, 1 

k,+~V 
5 c. ; 

ii k 

4 1 

fb 

* 4 k 1 

i 

/i 

? 

-4 k 1 

J 3 

4 k 1 • 

2 k 2 +t 

1 0 

2 

a; 

V! 

Jl k 

4 1 

3 * 

4 k 1 I 

t 

0 

k, + 5k 
^ 2 

1 A 

V 

l 

ri k j 

1 4 i | 

1 

"4 iV 1 

' r 5 -k 

4 K 1 

1 , 

’ 4 k 1 

4 k i 

F “** 

\ 

; 2 k 2 

V ‘ 

XV M t 

+ ir~ 0 ( 

Ali, 

4 1 

4*1 

n k 

4 K 1 

! k i 

i 

i 

, o 

3 k i 

k 3 + ~V 

m 

1 






m 


0 


nr 


whe re m = 


m 0 

0 rn 


where m are masses 
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Thus applying the results of corollary 2 of this section 


frequencies are given by? 


de t 




= 0 whe re 


^ = A + 50 k + 3 T e k , (k=1,2,3) 


9 k e 


A-EW 

2 Ttki 


3 

-2 71 ki 


= 0 3 


i 

2k.2 + (l/2)k-| - mw^ 0 


(- yk 1 (3/4)k 1 

! 

5 = . 1 

j 

1 + 


i£ | 

| 0 kj+ 


fk, (3/4) 






2 TTki 
3 


-(l/4)k 1 - (3/4)k. 

+ (3/4)k 1 (3/4)k. 


-2 Ttki 


2k 2 + ( 1/2 )k 1 ( 1-Cos ~)~rm 2 


3 


3lk 1 Sin 


(3/2)k4 ! 


cm 


2TTk 


“1 


k 3 +( 3/2 )k 1 ( 1+Gos 


i Q -i A 

where use has been made of e + e = 2 


Cos e 
iSin 0 


Now one can get all the frequencies by solving just one 
determinants! equation of 2x2 instead of big determinant. 
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of 6 x 6. A slight observation of H, however shows 
something even more than this vis. 

for k = 3; 3k -| Sin = 0 and thus the two roots 

are given by 3 

- , Wg = - 3k ^ . These roots 

require no solution of de terrain an tal equation even of 
2x2. They come purely from symmetry arguments. That 
these correspond to cyclically spine trie displacements will 
be seen very soon. For k = 1. 2, one has to solve the 2x2 
de terrain ant al equation, 

2k 2 + (3/4)k 1 - mw 2 + (3/4)ik 1 

9 = 0 

+ (3/4)ik 1 k 3 +(3/4)k 1 -mv/ 

or 2 raw 2 = *k_ 2 + + (3/2)1^ +j4k 2 + k 2 +( 9/4)k 2 -4k 2 k 3 

This is doubly degenerate root. Thus all frequencies 

a 

are determined now. Mode- shapes are now given by; 



A 1 

■ 

X 


Z 1 

f 

fa 1 

i i 

for k = 3, 

x 

= 

*1 

k 

i 

O 

H 

II 

— t 

y -2H i 

3 

OJ 

II 

fH 

o 

v p -2/ii 


2 

^3 


) 

-2 Hi I 
_"1 e 3 J 

j 

‘ 1 ^ 5 

I.e4i 

_ 1 1 « 

1 

— J ' 
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1. Triple orthogonal planes of symmetries e.g. three 
dimensional orthogonal grid works. 

2 . Reflection-cyclic symmetries where the reflection 
plan is CTv (a plane perpendicular to the axes of 
symmetry) e.g. the frame shown in Rig. (2.16). 

3= Inversion symmetry, e.g. frames of Rigs. (1.3) and (2,4). 

In what follows the results will be quoted without 
giving proofs because the proof is trivial if one either 
follows the routine of sections 3*1, 3-2 and 3.3 or combines 
the results of appropriate sections. 

Th eorem 1 

If a structural system has 3-orthogonal planes of syrnn© 
not containing any node which divide the structural system 
in 8-regions each with n-degrees of freedom and are mirror 
images of each. other w.r.t. one of the reflection planes, 
and if one chooses 8 global co-ordinate systems mirror image 
of each other then the stiffness matrix will have the form? 


E 


TO 


_D 


where A 



A* 

i 

a 2 

A 3 

a 

*4 


b 

Bp 

5 

3 

A 

~~2 

A 1 

A 4 

A 3 


B 2 

3 1 

3 4 

TO 

j3 

b 

A 4 

A 1 

A 2 | 

and B = 

B 3 

3 4 

ro 

■°1 

IT 

S3 

H 

A 3 

A 2 

A 1 


B 4 

B 3 

B 2 

3 
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or 


' J 4 


'3 

i 

'4 

'1 
J 2 


where and B. are 


n 

w 2 


A i 


3 i A i 


n 


( 1 = 1 , 2 , 3 , 4 ) 


i x n matrices (i = 1 , 2, 3, 4) ■ 


As discussed in Chapter 2, these matrices may he 
called cen tro-centro symmetric matrices, of course with 

due to It 


■ _L 

"l 


and B? = 


T 


The orem 2% 

If a structural system satisfies the conditions of 
above theorem then it's stiffness equation may he factorised 
into 8 sets of equations via. 


■KX - F where 


T 

X 1 


v 


' x i“ 

“ r ;r 

"2 

li 

? 2 

o 

; j 

and X.= 

l 

X 2 

• i 

i 

3 j 

9 

1 

. ! 

. p s j 

! 

[ 

i 

_ X n . 


(i=1, . • .8) 

etc . 


breaks into. 


T) t = v> 

"“k "k 


( k=1 , 2 , . . 


8 ) 



174 


where 


D 


1,2 


( A-j + A 2 + A^ + A^) + (B^+ 3 2 + 3^_) 


3 


3? 4 


(A 1 " A 2 + A 3 " A 4 } 1 (3 1“ B 2 + V B 4 ) 


5 9 6 


(a., + A 0 ji-% ) + (h-j < j^2 Sj - B 4 ^ 


‘1 2 "3 


3, 


7,8 


( A 1 A 2 A 3 


+ + (B^- B 2 - 3^+ B^) 


and corresponding or have similar expressions 


in terms of X 


V a 2 


. . Xr- or 


•' i » ^ 2 J * 


1? 

* ~8 


respectively. 


All the corollaries of the types derived in section 
3,1? 3,2 and 3-3, may be derived by reasonings similar 
to that used in the above section. If this procedure is 
applied to the spring mass system shown in Big. 3* 1*1 one 
can find all the 24 frequencies and mode shapes may be 
found in no time because then one would have to solve only 
3x3 determinants. 


Th eorem 3 » 

If a structural system with 2-n-m degrees of freedom 
with a ' 0 r , 1 and a ' (y h ' such that no vnode lies on 
0 m or CTp , ( i.e. the structural system can be divided 

into 2-m identical sub-sys tens each with n-degrees of 
freedom such that no node is common to any two sub-systems) 
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and if the global co-ordinate systems corresponding to 
each sub-system are so chosen that they coincide with each 
other under symmetry operations, m 0 and CT ^ then the 
stiffness matrix will assume the either of the following 
equivalent forms s 



hote that the above type s/ms trice s have been called 
centro-cyclically and cyclic ally-centro symmetric matrices 
in the Chapter II. 

Theorem - 4° 

If a structural system satisfies all the conditions 
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)£ the shove theorem, then its stiffness equation breaks 

i.n to % 


D' t« 

k 


x 'k 


(k = 1 , 2, . . . . m) 


where 


a. 


"i + 3 i + ( h + ®k + • 


. + (a + b )e 1 cl_1 

v m nr k 


D' 

k 


^ i + ( Ag- ^2 ) ^ 


. .. .+ ( A - B )©F' 1 
m m k 


X k 


b * y i + <v v «r 1+ 


+ (x + Y ) a 

m m k 


X. = X i - 

ii ! 


y + ( Y - Y 1 O® ^ + 
~1 ^2 * 2 ' \ 


(X - Y ) ©. 
m m ' k 


f, + a 1 + (f 2 + ff 2 )e“ h 


. . . + ( p +g ) e, 

V m m / k 


'k 




- 8l + (? 2 - s 2 )0 k 


+ + ( f - s ) a 

m m k 


and ©■ 


k 


2*P_ik 
m 


displacement vector 


T 


x" 




j ? | 

,Y, 

I = ! 

1 

X 

m 

i 

v ! 

and force vector=j 

In 1" 

lx J 

! 


"m 


I ; 


I • 


mi 


P=T e> 
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wh ere 




X 


1 


X 


2 



etc . (k=1 , 2, .<..o m) 


Again various corollaries similar to that of sections 
3.1, 3*2 and 3.3 may be. derived by same kinds of arguments 
and problems of vibrations, buckling etc. can be simplified. 


The o re m 5 

If a structural system has an inversion symmetry 'i' 
and if inversion center does not contain any node, then 
for planner and space systems the theorems (1) and (2) of 
section 3*3 with m = 1 and theorems (3) and (4) of this 
section respectively, are applicable. 

ho te f The above theorem holds because, planner 
inversion is nothing but a ’O^' and space-inversion is 
generated by O’ ^ C^. 

3.5 IITAIC QUAG IIS OP THB PHSS5ITT METHODS ; 

It has been seen in discussions of sections 3.1, 3.2 
and 3-3 that following inadequacies are inherent in these 
procedures; 

1. nodes should not be on reflection planes or 
axis of symmetries. 

2. One has to use a number of global co-ordinate systems 
whose relative orientations depend uponthe kind of 
the symmetries used. 
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3- Only parts of the total symmetries can be used 
by these method and one has every reason to 
speculate about yetting more informations by using 
all the symmetries or symmetry elements. 

4. In situations where one can use more than one sub- 
set but one sub-set at a time of the set of 
symmetry elements, it is not clear as to which sub- 
*set will yield better results (i.e example 1 of 
section 3»3). 

5. Since one can not use all symmetries at a time, one 
can not know the results of increasing or decreasing 
the symmetry elements. 

Looking at these difficulties one has to think 
for some sound algebraic approach which could take care 
of all symmetry elements at a stretch and could avoid all 
the difficulties. Fortunately such an algebraic approach 
has been developed by mathematicians and is known as 
’’Group Theory”. The next chapters will deal with this 
algebraic approach. 
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CHAPTER - 4 
CROUP THEORY 

THE : lA THEMATIOS 0? SYMMETRY 

The origin of group concepts is very old. Egyptian 
artists, as pointed in the ’’introduction” for example, 
made use of it in the development of their geometric designs. 
However, the first systematic use of the concept is due 
to the young student antiroylist, Evariste Galois (1811 — 1832 ) 
who, recognizing the inevitable outcome of an arranged 
’’duel of honor”, wro te down the basic concepts of group 
the ory in the few hours of remaining to him the day and 
night before his demise. Galois used this concept to sim- 
plify the solutions of algebraic equations by exploiting 
the symmetry properties of these equations. With these 
ideas later it was eassy to prove the impossibility of 
finding the solution of the general algebraic equations of 
5-th o.r higher degree in terms of surds, for which mathe- 
maticians broke their heads for decades. How it helps in 
solving the algebraic equations can be found from excellent 
books due to Klein (46), Burnside (47), lieber (48). 

Just like, a one line Newton’s laws, a one sentence 
Schro dinger ’ s equation etc. cover volumes and volumes, 
the four postulates of ’Group Theory’ (which have now been 
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brought to two only) also cover volumes and volumes. 

Infact this is one of the hall-mark of every elegant 
theory. The four postulates of group theory will be 
physically explained in the next section after they are 
stated . 

In what follows, various results, which will either 
be directly applicable or will enable one to derive all the 
results wherever needed, will be just-quoted with proper 
illustrations. These results have been screened out from 
references (49 - 55) and various proofs etc. can be found 
from these. 

4- 1 GROUP TU COHTIT C TUHHII i OhOG Y AJlh H OIAIIOHS 

In the II Chapter a language for describing symmetry 
of any structural system was developed interms of what has 
been cal led symmetry elements and symmetry operations. 

It was found that a set of symmetry elements describe the 
symmetry of any structural system. However there seems to 
be one more step to go ahead (Of-course a very important 
step) which defines symmetry of structural system much 
more precisely and elegantly than the sets of symmetry 
elements. For this purpose the following sub-section is 
needed . 

4.1.1. Concept of Gr o ups; 

UCPIUITIQU s A 'group' is a set of distinct entities of 


any sort with a binary multiplication law such that; 
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(i) multiplication is closed 

(ii) multiplication is associative 

(iii) there exists an identity element in the set 

(iv) every element has an inverse relative to the 
identity/ in (iii). 

Putting these in more concrete terms, let 

G = ^ g-|> g 2 ? gj - - - - - g m j be a set. This 

set forms a group if, 

(i) for every and g^ £ G there exist a g k £ G 

such that = g k ? where binary operation is written 

as g ± g y 

(ii) for all g ± , gy g k £ G, g±(gj S k ) = (g ± Sj)g k = S±gjS k 

(iii) there exist one and only one which is identity 3 
w.r.t. above binary multiplication. 

(iv) for every gy£, G, there exist one and only one element 
g k such that, g i g h . = S k = identity. Then g k is called 
inverse of and vice-versa. 

•Tote that the binary multiplies tion can be any 
thing which defines a function over all the ordered pairs 
of G and written as g.g^, o.g. if g i are numbers the binary 
operations can bo addition, multiplication etc., if g^ are 
operators then binary operation is application of one 
operator after the other, if gj_ are nx n non-singular 
matrices then the binary operation can he matrix multiplication 
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or addition or even direct sums or direct products etc. 
and if are our dresses then the binary operation can bo 
thought of putting on them one after the other. (e.g. 
shoes after the- socks etc.). 

To fix up the ideas following examples of groups 
are given. 

1. Groups of Integers under addition: 

G = 5 ...... - n ..... -2, -1 , 0, 1, 2, .... n . . . .^ 

It can be very easily seen that G satisfies all the 
postulates (i), (ii), (iii) and (iv). The identity 
is = 0, the inverse of n is -n etc. 

2. Groups of n x n non-singular matrices under the 
binary operation of matrix multiplications. 



It can be easily seen that G satisfies all the postulates 
needed for a group. 

3. Sot of or, trio s I, tj ? m ~ I or A,, A,,... A m =I 

of section 3 >3, as shown there it soil form groups. 

51 FIG III PIT ; A group is said to be finite if it has finite 
number of elements. The order of a finite group is the 
number of elements in it. 

Thus the groups of example 1 and 2 are infinite 
groups whereas the groups of example 3 are finite and of 
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order * m* . 3?or a finite group all the postulates car be 
satisfied if the elements of a sot form a group multiplica- 
tion table known -as 0 avion I solo for a group . 


0 o n s i d 3 r no w tdin s t»ru n 

2.9, 2.10, 3.1(a), 3.1(b) 3-4 

two symmetry elements 1! and C 

2 

previous chapters that /y ' = 

'Thus the set G- = i 0, 


i forms 


hown in Pigs, 


All of them havo 


been seen in the 


group whose 


multipli 

cation cars be 

given 

83 

the table 4 

. l-a). 

The above 

systems 

may have only 

g a nd 

"2 

n 

is a 

rotation by 

180° i.e 

. the system 

coinci 

d e s 

with itself 

unde 

r a rotation 

by 180° 

and not under 

CT - 

The 

set Cl = i S, 

c 2 \ 

also forms 

a group 

whose multiplication 

law is give 

n in 

Table 4.1(b) 


Similarly the structural systems shown in Pigs. 2.11, 3.8 
and 3.2(a), (b) and (c) have got the symmetry elements 

/T„. CTh and C„. The set G = 4 3 CT. , CT , forms a 


V 


'2 


5 


group can be easily seen from the fable 4.2 which is another 

way of putting the mnemonic of example-2 of section 2.1.2. 

The m-fold cyclically symmetric structural systems have 

~2 ,yn-1 


symme try 

f 

n \ TP 

'J — y :li 9 


Ql.3 

n 


s men ts r, ...... 


The set 


rn— 1 


rn 


m 



n 

i t> e 

m 

r+t 

P'1 

is 

also on 

1 <• too 
C-l c; 

o f 

0l is C 


? ; 


also forms a group because 


m-r 


m 


etc . 


The structural system shown in Pigs. 2.1, 2.2, 2.12, 
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TABES 4.1(b) 

MUL II P LI 0 A TI ON TAB IB OP 
GROUP |s, C 2 } 

The Group C 2 
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TABES 4*3 
The Group 

THE MULTIPLI 0 ATI OH TABES OF GROUP 4 5 , C 
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TATIS 4 . 5 

'THE GROUP MUITIPLI 3 ATI Oil TATIS OP GROUPIE, Cg, Cg... Cg,<r r -<£ 
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°6 
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l 

A 
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,E 

r 
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« °6 
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6 . 1 
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i 
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^3 

rc 3 
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;°5 

i 

1 1 
i 

5 
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I 

cr , 
J 3 
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2 

1 3 ! °6 

' n 4 ! 
, u 6 

1 p 3 
°6 

I 

f o 2 fi 

! °6 

1 

- 1 
2 ! 

; 

^2 

,q i 

'<*6 


1 , 

6 5 

■ <V 3 

G 5 

. °6 

; c 6 

: °i_ 

, c 2 
; °6 

3 

■ o~ 

! 3 

f- 


:V 

' Cr 6 

J 

1 °5 1 
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cr 

4 

, C 2 ' C 6 
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»• °6 
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J ... . . 
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i 
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. °6 

4 
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>2 
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1 
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t 

°5 
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! 4J 
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t 

'5 
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i 

! °i : 
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OT 

3 

;r 
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°S 
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' c 6 
» 

t 
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1 

\ 
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6 

>6 

f 
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I 
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TABES 4.6 


THE MULTI PIT G ATI Oil TABLE OF THE GROUP - 


Y 

? C-j 9 

c 2 <5- a rr 15 

3 V J V 

c ~~ 

,( V h 

83, 

S3, 

2 a 
^ 2 9 

rtb 
^ 2 ’ 

3 





The 

Group D 3^ 






S 

_°3 

p2 

"3 

a 

V 

0 v c v 

a 

S3 

S 3 

r a 

°2 

_ _°2 _ 

C c 

°2 

t 

tri » T71 

C 3 

c 2 l 

3 j 

, 

V 

--b 

V V 


S3 


P a 

°2 

C b 

°2 

n c 

°2 

i 

° 3 i °5 

C 2 

°3 

B 

C° 

^ Y 

t 

rr- a A-*° 

^ V ° V 

S3 

S 2 

O *~2 


p c 
°2 

r a 

°2 

c 6 

°2 

2 : 2 
0| ^3 

B 

O3 

! ^-b 
: U y 

,-<r-a 

w 'v 

s 2 

b 3 


S 3 

"2 

pC 

C 2 

c| 

.a t a 

V : W 

,3 

-y 

. r -0 
G v 

B 

°3 °3 

2 a 
C 2 

o b 

2 

0° 

2 

<*h 

3 

s 2 

S3 

b l-rb 

V , “V 

! 

~ V 

£r a 

^ V 

r(2 

u 3 

B C3 

■ 

u 2 

n° 

°2 

r a 

u 2 

5 2 

5 3 

^h 

S 3 

0 cr° 

V ^ V 

t 

cJ” 8 ' 

0 v 

,~b 

w V 

rt 

b 3 

p2 q, 

O 3 ^ 

nC 

w 2 

P a 

w 2 

n b 
b 2 

S 3 

r .2 

°3 


1 

r hi r "h 

S 3 

s 2 

O 3 

p a 
b 2 

3 P C 
^2 ^2 

B 

°3 

C 2 

°3 

< 

U y 

fj? 

°Y 

S, ! S, 
3, 3 

s 2 

' h 

r c 

°2 

p a p 0 

°2 U 2 

°3 

C 2 

°3 

■tt* 

K 

cr 3 

• V 

<r b 

V 

q2 1 q2 

b 3 b 3 

1 

Oh 

S 3 

p a 
G 2 

n c n a 

^2 ^2 

c 2 

°3 

.T^ 

Ai 

°3 

cr b 

V 

Y 

cr 3- 

V 

rt a * p ®- 
°2. "2 

G b 

0 2 

r .c 

°2 

^h 

S 3 S 2 

a 


V 

-rji 

°3 

C 2 

°3 

'b, n b 
C 2, w 2 

"2 

G a 

°2 

S 2 

b 3 

rr~ Q 

"h 3 3 

,^b 

0 v 

A 

cr a 

c 2 

C 3 

B 

°3 

n C n b 

^ 2 ! u 2 

p a 
"2 

^ D 
°2 

S 3 

s 3 °i 

<T° 

V 

< 

’ V 

°3 

o 2 

°3 

IP 
jLU _ 


The thickly bordared parts are sub-groups C3 and C^ v of th 
group Dj h . 
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2. 13 and 3° 10 (a) have got the following set of symmetry 


elements . 


Inis set also 
which follows 

The sys 
2 3 

*tt\ ri a S 

'•-'4? '-'45 -' 4 ? 





u j 


forms a group can be seen from iiho 
from the mnemonic of example -3 of 


tern shown in Pig. 3*9 has symmetry 
, C^» (7^? which also form 


as shown by the group multiplication Table 4-4* 
set of symmetry elements 


Table 4*3 
section 2 . 

elements 
a group 
The 


1. 


2 . 





n 3 n A 

S’ 



nO 

"6 s 


o; 


r. 


6J 





which correspond to the- structural systems shown in Figs- 2 .H 
and 2.15 also forros a group can be seen from the group 
multiplication table 4.5 which follows from the mnemonic 


scheme of example -4 of section 2 . 1 . 2 . 

Similarly the symmetry elements of structural system 
of Pig. 2.16 also form a group which is seen from the group 
multiplication Table 4.6 which follows from the mnemonic 
scheme of example -5 of section 2 . 1 . 2 . 

Prom these examples one can observe that the 
symmetry of structural systems can be described in terms 
of groups of symmetry elements. The following conjecture 


can be made now.' 
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GO HJII CTIT^ : Ih j s.y rnt ae t ry elej-ients ojf_ a_ 

s f y s ta in form a 3 rou p . 


structural 


ffot e : Since under all the aforementioned symmetry 

operations there is at least one point which remains fixed, 
the groups of such symmetry elements are called point groups. 
5'ext sub-section will categorise all possible point groups. 

I E FIS IlIOI-I ; A group is called Abelian if and only if 

for every g i? € G = g^. 

4.1.2 Th e Symmetry Point G- roups of St ructural Systems \ 
Hollowing are the possible point groups which can 


describe the symmetry of any possible structure. 

C .j The point group containing only identity 3. i.e. 

this point group correspond to the structures with 
no symmetry. 


0 


n 


H 


°nh 


The point group containing, 3, 
i.e. this point group corraspon 
systems with cyclic symmetry, e 
the point group consisting of 3 
and n-re flection planes passing 
G n (viz. cT 1 , C 2 9 .... ) • 


The 

and 


point group 
f °h , ! - ; h w n 


consisting of a 

ci /•— rt 2 — 

u n ^h °n 


n 


n- 


n 


. . G 


n -1 


d to the structural 
reticular dome. 


, C , G 2 , C 3 

“ YT ' YT ' 


c 


n -1 


n ’ ' n 7 ' n " n 

through the axis 


.11 elements of o. 


'n 


pc - 1 

h n 


n 


gn - 1 

n 


where (T^ is a reflection plane perpendicular to principal 
axis 0 . 



The point group consisting of all elements of 


■CL and 'n ? two-fold axes perpendicular to the 

xi “ 

principal axis 0^ i. 3. with the elements S, 0 . . . .0 , 

- n J n n 

3 . 


c°i 
2 ? 


- l o 

w 2 _ 


r n 
°2 


The point group consisting of elements of I) and 

n 


01 


h’ ‘h n 


S 


n - 


- n.2 

S C 
1 h n 


S 2 
n 9 


a : c ®- 1 = s ”" 1 

h n n 


and n-re flection pianos through axis C 


n 


Consisting of D and a set of planes passing through 
the principal axis 0^ and bisecting the angles between 


two -fold axes. 

The point group with 1, S 


2 

n ~n 


Y] — 1 

. S for n=even, 
n ? 


f 


(for n = odd this point group is nothing but 0- 

V V s 

because 


S k = 
n 


- c k \ 

h n ) ' 


The point group corresponding to that structural 
systems which posses all those rotation axes (please 
see II-Chapter) which are possessed by the tetrahedral 
frame shown in Pig. 2.3. 

The point group containing all the 
of the tetrahedral frame of Pig. 2.3* 

The point group consisting of all the re - tat ion — a*e« 
rotation axes of the system shown in Pig. 3»11. 

The point group consisting of all those symmetry 
elements possessed by the system shown In Pig. 3-11 
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But engineering structures usually have C„, C 
C„„ and ^ 


V "n ? 


nv — - ^ point groups . i'ha structural systems with 


point groups D n , i nh , S n , T, 


0 and o^ etc. ars 


very few. However, noteworthy is the point THAT All 
POSSIBLE) 3 TRUO TTJRAL oYSTOS YT1L HAVE OlfE 01 THE SIMMS TRY 


POUT GROUP from the point groups 0 , 0 , 


mv 


nv’ 


I) , D 


n ' 


nh 3 


1 


nd 1 


3^ , T , l ' d 5 0 and 0 ^ etc. where n= 1 , 2,3 


n 


9 9 y 9 9 


The point groups CL and J , are always Abelian. 

02 V is also Abelian. Symmetries corresponding to an Abelian 
point group can be used to simplify the structural problems 
more easily than that corresponding to non-Abelian groups. 
Examples of the symmetry groups 0 C , and 1^ are given 


nh 


in Tables 4.1 -4.6 and thus one can see what kinds of 
structural system correspond to these groups. 

4.1.3 S ub-groups , Cosets an d Glasses o f Point Groups; 

I E EIIII II 01 % "If a subset of a group is also a group, then 
that subset is called a subgroup of the group", e.g. the 
point group shown in Table 4.2 has three subgroups, 

|E, (T , j 1 CY,] and iE, OgE , the point group shown in 

” r 2 7 

Tabic 4.3 has one subgroup LE, O 3 , 0^ | , the point group of' 


Table 4.4 has seven 


subgroups E, CT-jj , ^E, ,^E, 


(3. cr 4 l {3, cr v 0 - 3 , o\}h, cr 2 , cr v C 2 ] 


£ 2 , 

u 

<r 4 

and 

the 

U 

n 


v 3 , 

S 3 , 

_2 ■ 

b 3 ' 


an d^E, C, C t , C 


i 


4 4 s 


n 2 7 j tt\ 

^ 3 i ? 1 3 


O a b C 7 9 

C 3 , C 3 <T., CT , O-j andp,C 3 ,C 3 , OT. 


h 3 
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Note that evorjj <gofoup is a sub-group by itself and 
3 is subgroup of ivory group but these trivial sub-groups 
are of no interest. There are various special types of 
subgroups of a group which are called INVARIANT SUBGROUPS, 
CObFJTATOR SUBGROUP etc. and are very important mathematic silly. 

An important theorem due to lagrangs states that the 
order of a subgroup of a group is a divisior of the order 
of the group (i.e. if h = order of a subgroup and g= order 
of the group then g = nh, n = some intsgro). This theorem 
is proved with the help of ’Oosots’ which are subsets of the 
group obtained from left or right multiplications of various 
subgroups of the group by the elements not belonging to the 
subgroup and are of only mathematical interest. 

Another important way of deviding a group into 
different subsets is by defining a class structure on the group. 


DEFINITI ON 3 "let P and Q be two members of a group. 
They are said to belong to the same "Class" if they are 
related by the equation, 

Q = X -1 P X 

whore X is any member of the group including P and Q 


themselves" . 

2 

For example, the classes of the group-( IS, C^, 0^) 

p 

areC U') , ( C^), (Cp i.e. every element of the group 0^ 

is a class by itself; the classes of the group C~ 

a b c 0 


(Table 4.3) ero( (0 3 , Cp and ( 


Cr , C~ ^ . th; 


V 


V/ 3 


9 
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classes of C^ v (Table 4-4) are 

( CT| » and ( 0~ 2 > ^ ) l the 

are (E), (<TA|), ( C~ 2 ) sand (0 
( Table 4.6) are (3), (0- y Gp , 
(S 3? Sp and (c|, C*, 0°). 

order g. let E^, Ep K 

that every element of a group 
Let the class has r- member 


( 1 ) 


9 


( n 2 

1 4 




9 


classes of Cp y (Table 4.2) 

0 ) and the classes of 1,, 

2 3 O c 3tl 

( Cg CT,CT ), (cr h ), 

let us consider a group G of 
arc- its r classes ( Jo te 
belongs to only ono class). 


s then 


r 



i=1 

and if g = odd integer then g-r must be divisible by 16. 
The following results are also of interest: 

(i) EVERY EIEIELIT 01 AS ABE II M GROUP IS A CLASS BY 
ITSELF (A very very important result as will be 
seen lat' , r ) . 

(ii) Every element of a class Kb has same order 

(where the ’order’ of an element is an integer m 

such that g/ = E) and this ’order' is a. divisor 
of g/r^. This enables one to get all the members of 

a class atonce. 

Another set of results about the' class sum' 
and class product (set-theoretic sum) and useful in calcu- 
lating some class function to be defined latter are following 

r 

K- X. = \ h. . , K, where h. . , are called 

i o /_* k k 10, k 

k=1 

class multiplication co-efficients with following properties: 
(Rote: K j _ stands both for classes and class sums). 
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(i) h 3 ,1c = ^ 




(11) I: hj.k h kl,m 
k=l 


"V h , h. , 

d 1 s k ij£ , HI 


(iii) 

r • r . 
i 3 

r 

= N h. . , 

i D ^ 

k=1 

r, etc. 
k 

As .an 

illustration to this, 

consider the group 0^ v 

( Tabl: 

e 4.3). 




'The classes are, 

= HO, K 2 = (0 3 , C*) and 

II 

H-M 

8,. 

( C r 

1 V ’ 

b c 

Hr , HI ) which also can be written 

v V 

as ; 

K -j = E 




k 2 = c 3 

+ C 2 

3 

(set theoretic sum) 


a 

k 3 = (T 

, b , c 

+ cr + cr 

V V 


Than 

K 2 K 3 = 

o a b c 

(c, + ) ( <r + & + c ) 

^ 3 3 v v v 


= 

, b c 

(GT + 

V V 

a . , c a b , 

+ cr ) (cr- + o~ + o- )= 2K 

v v v v 3 

Thus 

h 23, 1 

1 _ Q 

n 23,2 U? 

h 23,3 = 2 


h 33 s 1 

h 33,2 = 

h 33, 3 = ° 


In a similar manner one can determine all the class 
products (One has to use the group table at every step 
(Table 4.1 for this example). 
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An important class of a group is the 
commutator class of a group. The class whose every 

element is the commutator element of the group where by 

-1 -1 

commutator element is meant the element of the form P Q PQ 


for P, Q belonging to the group and 51 a 'commutator subgroup’ 
of a group is the minimal subgroup which contains all the 
commutators of the group”. The commutator subgroup is 
determined from the class plus few more elements (as 
necessary for formation of a group) provided h - . ■ f 0" 


for some j. 

If h is the order of the commutator subgroup and 
g is the order of the group the number (g/hc) will be of 
interest latter. 

4.1.4 Sir oc t Pro ducts % 


A group ff is said to be the 'direct product’ of 
subgroups H-] , Eg ....... H m if ; 

(1) The elements of different subgroups commute 

(2) Every element ’g’ of G- i.s expressible as; 

g = hja. 2 ...... h m where £. H ± 

Symbolically one writes, 

s = H lX H 2 x h 3 x n, 

The sub-groups H^, Hp ..... H are called ’direct factors' 
of G and the order of G is the product of the orders of 
H-|, Hg •••• (H^, Hp .... H are non-trivial subgroups). 

Following are the examples of direct product groups. 
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1* Cyclic group Cg ={_3,Cg, Cg 

«2 


cr i- 

Cg j- is direct 


product of 0^ = p, C^ s 


3 i 


and C n = |?3, Cgj because 


n y n 

\j ^ -ii. v/ ^ 


n 

i — J 9 ^rz? 


2 

rt *- n n n. 

w 3’ m2’ ' J 2 ^3 


2 

,2' 


’ C Q C 3 J 


ps C 6 ? C 6 ’ C 6 J °6 ? C 6^ ecause « 




0‘ is a. rotation by 


,4 
'6 
2m 71 


n 


itc , 


or p X C 2 


P, 0 ,, oi , G 


’6 ’ w 6 ’ 


4 R d 

c; , op 

0 j 


2. ihe group C 2v = |3, C^i O^i of Table 4-2 is 

direct product of two groups p, CT-p and |13, C7, |i.e. 


C~ =p3, l~ } X p 5 Op 


2v f ^ i^ 9 u 2lf C 1h X C 1h 


3= Tli® group C nh I, C n , 0^, . .... 0 


,n-1 
n 


9 V, 9 


cr, c - s 


h* h n 


rr 


^ n-1 = n-1 

h n n 


can be written as; 


u nh 


= ■/*» x i 


T£,, c . c , 

t 9 n’ n 5 


< n -1 2 
'n j 


C-, X C 
1h n 


In fact every Abelian group is a direct product of 
cyclic groupswhose orders are powers of primes. The concept 
of direct product will be seen to be useful in latter 
sections. To this end, one can see that in fact only few 
elements of a group are of fundamental nature and other 
members are generated from these members, e.g. in the 
group C 2v = \ X, CX|, (S' c 2 1 onlyCTlj and 0~ 2 are 

fund ament al because = (S 2 ? C ^ = CTj 0~3, = C7T, p 
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Similarly the group 


n 


c 

3 

L 


m 


« O o 

’ n ’ 


n 


n-1 

n 


are generated by one eler.iat 0 


The group 0 , are 


'n' o— -.c' - nil 

generated by two elements 0 and (j ^ and so on. !! The 

minimum number of elements which can generate the whole 
group are called generators of the group". This concept 
will be helpful in finding out the * representations ' etc. of 
a group (the work of next section). 


4.1.5 F unc t ions on a Group and G las s F unctions ? 

A 'function on a group' is a correspondence which 
associates o number a vector, a matrix etc. with each 
element of the group such that these numbers, vectors, 
matrices etc. also satisfy the group postulates or group 
tables. The correspondence is called isomorphic if to 
each element of the group different numbers, vectors, matrices 
etc. are associated. The correspondence is called homomorphic 

if to more than one element of the group is associated one 

o* 

number, one vector/one matrix etc. Note that the associated 
numbe rs, vectors, matrices etc. themselves form groups 
(isomorphic or homomorphic groups depending upon the 
corresponding mapping). 

* 

A 'class function' is a function on a group which 
associates the same value for all elements of a class of 
the group. 

These two kinds of functions on a group give rise 
to the concepts of representation and characters of a group, 
the work of next two sections. 
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4 . 2 EFE3MIMI OR 5 01' GROUPS j 

As discussed in the sub-section 4.1.5? one can 
associate anything with the elements of a group such that 
those things also satisfy the group table. These things 
can be numbers, matrices, or even the elements of some 
other group. Of our interests are matrices only. So let us 
associate a set of square non-singular matrices one with 
each element of the group, i.e. with 

g-j the associated matrixes D(g.j ) 
g 2 the associated matrix is D( g 2 ) 

g the associated matrix b D(g n ) 

where g-p g 2 ? ...... g fi form a group G. 

Thus for = g k for g ± , g i? 

corresponding D(g^) D(g.) = D(g k ), DC'S) = I the identify 

for _1 J _1 

matrix and^ g k = corresponds theD(g k ) = D (g^). 

Thus ^D(g-j), D(g 2 ) ...... D(g n )4 form a matrix group 

1 R* homomorphic or isomorphic to G. 

11 The Gr oup R is Gall ed -Ta t rix R epresentation of G” 

The dimensions of D(g^), (i=1,2,3? . ...n) can be 1, 2,3?*‘ r -- 

the corresponding representations will be called respectively 
one-dimensional, two-dimensional, three-dimensional ...... 

representations of the group G. Pollowings are the 
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example of representations (from now onward matrix 
representations will be called just representations) of 
various groups. 

1. The representations of the group 0^ = ^3,CF*j are: 

(i) One dimensional trivial representation D(S ) D(0“)=1 

(ii) One dimensional non -trivial representation U(E )▼! , D(cr)=-3 


(iii) Two dimensional representations are: 

"1 0 

, W cv — S 
! > 


1 0 
L0 1 i 


1 0 
0 1 


D( CT) = 

» D(cr) = 


_° -1. 
~o ^ 

1 0 


D(3) = 

D(3) = 

(iv) Three dimensional representations are: 


and 

etc. 


D(E) = 


D(3) = 


1 0 
1 


0 

'1 


1 


D(S) = 


D(CX) - 


1 0 
1 

0 -1 
1 


and 


0 


-1 

0 -1 


etc . 


0 1_ 

The 2n -dimen sional representations are: 


D(3) = 


’i o" 


f 1 

O' 


-1 

I 0 


, D(cf ) = 

I 


1(3) = 

n t 

__0 I 


L0 

-I . 

> 1 




'0 

I ’ 




D((J.) = 

.1 

0„ 

etc . 

and s 


2. The reprsen tations of the group C 2 V are: 


(i) One dimensional trivial representation iSj 

D(2) = d( 0’ 1 ) = d( cr 2 ) = D (C 2 ) = 1 
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(ii) One dimensional non-trivial representation is 
D(E) = D(C 2 ) = 1 D( C5" 1 ) = D (0" 2 ) = -1. 


(iii) Two dimensional representations are; 


! 1 

o“ 




0 


d(s ) = ! 


= 

d(0 2 ), d( CT 1 ) 

= 



1 0 

1 _ 



1 



n 

0' 


1 


°] 

and X){7S ) = 



, d( or, ) = 





_0 

1 ' 

L° 

1_ 


~o 

1' 


0 


3XOj) = 

_ 1 

0. 

' , D( C 2 ) = 



o_ 









One of the 4n-dimension al representation is the set 

and T-^ 

of matrices I, T-j [_ o f section 3-2. and so on ....... 

One can see that for any group finite or infinite there are 
infinity of representations. Firstly there are enormous 
number of different representations for the same dimensional 
representation and secondly there can be representations 
of any arbitrary dimension. 

It should bo noted that a similarity transformation 
of a. representation by an arbitrary matrix generates another 
representation of the same dimension because, if 

R = ^D(g-j), D(g 2 ) ...... D(g n )j" is a representation of G- 

i.e. if g i = g i .s^D(g i ) D(g i ) = D(g k ) etc., then 

R’ D( gl ) S, S" 1 D(g g ) S, ...... S -1 h(g n ) s] 


is also a 



210 


Thera ore 'C-| blocks of D-j (g^) and z blocks of DgCg^) 
where c.j, Og are positive integers (including zero) such 
that c i^i + 02^2 = d, D-j (g^) and DgCg^) arc the 
matrices of dimensions d-j and dg corresponding to the 
irreducible representations R-j and ‘ The D(g^) are 

written as D(g^) = c-j D-j ( ) 0 C 2 DgCg^) (A direct sum) 

... ( 1 ) 

In the general case when the group has r— classes, 
there will be ’r’ irreducible representations 

R] c = D^( g^ ) J (k=1,2, . ... r, i=1,2, . ...n) of dimensions 

d-j.... d r , then for any representation R °f 

dimension ’d’ one can generalise the eq.. (l) to following. 

D(g±) = c 1 B 1 (g i ) ® c 2 DgCgi) ® ...» €• o r D r (g i ) 

• • . ( 2 ) 

where c-j, C 2 ..... c r are the number of blocks of matrices 

D-jCgp)? d 2 ...... D r (g i ) respectively in D(g i ) for 

i = 1,2, . ...n, on their diagonals. One must have 


c -| 3 -j + c 2 d 2 


c d 
r r 


(3) 


The representation R = yD(g. ) ) in such a form is called 

^ 1 J 

a reduced ’representation ’ . This reduced reprsentation is 
obtained by applying some similarity transformation to 
unreduced representation S’ of the same dimension as that 
of R. ’’There is a direct connection between the reduction 
of a representation of symmetry group of a structural system 
by similarity transformation and the reduction of stiffness 
matrix to block diagonal metrics of that structural system". 
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The SOLI CP IRREDUCIBLE REPRESENTATIONS IS GROUP 1H30R 
IS EQUIVALENT TO T TI A T OP BASIS VECTORS IN VICTOR SPACES. 

One can get all the info rnations obtainable from the use 
of group theory through the irreducible representations 
of the group. How to get these irreducible representations 
of any group will be discussed latter. 


In order to be able to illustrate the matters discu- 
ssed in this section, the concept o f ‘character’ is a must 
and hence the coaming sub-sections will be devoted to this. 

4.2.1 C haracters of Representation Matrices or Groups 

The character of a representation matrix is defined 
as the sum of its diagonal elements (the trace of the matrix) 
T .7hy they are called character and not the trace will become 
clear very soon when it will be shown that they are same 
for a set of elements belonging to a class (i.e. they are 
class functions). 

-Tow if R ={D(g 1 ) D(g 2 ) ..... D(g n )} be the 

d-dimensional representation of a group G ={g^, g 2 * • • • S n ] 
then character of various elements say k-|, k^.... k^ are, 
k-j = tr. D(g-j) where tr. stands for trace. 

k 2 = tr. D(g 2 ) 


tr. D(g n ) 
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Consider now another representation R' generated 
from R by similarity transformation by an arbitrary appro- 

— 1 z 

priate matrix S. i.e. R’ = S L(g^) S ] 

That characters of R' and R are same, follows from the 
well known result of matrix theory, viz. trace (ABC) = trace 
(BCA) = trace (CAB) i.e. if k!j , k^ .... K’ are characters 
of R’ = { S_1 D ( g i' ; then? 

k| = tr. (S ' 1 H( gi ) 3) = tr. (D(g i )SS _1 = tr.L( gi ) = k ± 
chin da 

Let us the group into distinct classes, 

K-j, Kg? ^3 .... where the 'Class' was defined in 

section 4.1.3 as follows* Two elements P and Q of the group 
belong to the same class if there exists an element X 
in the group (including P and Q) such that, 

Q = X" 1 P X 

The corresponding definition for representation matrices 
will be D(Q) - L _ 1 (X) D(P) D(X) 

Thus characters of P and Q are same provided they belong 
to the same class and so the characters of a group are as 
many as there the classes. Let us say that character of 
class Eh is k^ (i= 1 , 2 , r). 

There are two ways of calculating the characters 
of a group for a given representation. One way is to find 
the representation matrices corresponding to one element 
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per class and then to find the traces. The other shorter 
and more elegand method is to use what is known as Burnside 
theorem which follows from the concept of sums introduced 


earlier i.e. 


F . F . = 
‘i “D 



k=1 


h. 


3-D 


, K, 
>k k 


(4) 


r x 

Sow in representation S? = ”j l(g^ ) 'j one has the corresponding 

matrices for class suras (i=1,2, ... r) say D(K^) (Mote 

that now stands for sum of all elements in the class K^). 

Then in terras of representation R the equation (4) becomes, 

r 

D( V - S (5) 


let the class consists of elements gy .... 

Then of eq. (4) is, 

K i = Si + §2 + * + S r . 

and D(ICj_ ) = D(g 1 ) + l(g 2 ) + ..... + D(K^) 

are scalar matrices i.e. some scalar multiple of identity 

matrix D(E ) = I i.e. D(K^) = a^I ( any number). So 

taking traces of the equation (5) one gets, 

r 

tr. (DtKj.) 1(K.)) - tr. D(K^.) 

k=1 


or tr. 


(a i a 3 I} 


r 

Z_i 

1=1 


h. . 

1 3 9 1 


tr ( 


a^) 
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r 


or a^ d 


= I 7 Vi,! a l d 
1 = 1 


But tr D(K t ) = tr . (D (g^ + d(g 2 ) +. ...D(g r )) 


r i k i = d a i 


or 


a i 


r. k. 
1 i 


Therefore, r- r . k. k. = d / . h. . , r, k 


'I 3 1 0 


1=1 


ij,l 1 “1 


( 6 ) 


These equations determine all k^ s k^, .... k . 

The above result is known as Burnside theorem. Note that 


the procedure of determining h- . v has been sketched out 

1 J 9 & 

in section 4.1.3* come of the equations in eq. (6) are 

redundant and should be thrown out while determining k. . 

° r 

4.2.2 Some Re l ev ant Results Re lat ed to Characters and 

Ir redu cible Represe ntations 

following results which may be needed in calculating, 
irreducible representations, character etc. are quoted 
b.elow ( 49-52 j. 


1. A representation R = 4 B(g-j), D(g 2 ) 

V. 

is irreducible if and only if, 

! 2 _ i "y 1 

*4— a 1 


1 

n 


n 


i=1 


n 


1=1 


u k i 


where, k (D(g^))is the character of in R. 
X'y - the number of elements in the class IC^ 



2 

= 1 ( 7 ) 
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2 . If a representation R =^I>(g^)f is irreducible then 
n r 

^ D(gj_) 'll r k = 0 

i=1 1 1=1 1 1 

3 . 

is irreducible of dimension d then there exist no non-zero, 
d-dimensional matrix D such that tr. (D D(g^)) = 0 for all 
i=1 , 2, . . . .n . 

4 -= If R-|j R 2? R_ r are irreducible representations 

2 2 2 2 

of dimensions d^'» ^2 ? “°°° ^r ^ en ^i + ^2 + ^3 ••••• + d r =n... 

• • • • ■ • • ( 8 ) 

where n is the order of the group. 

5 . 'The number of inequavalent irreducible representations 

the 

of dimension 1 is given by (n/h ) , where h is/order of the 
commutator subgroup. 

6. All irreducible reducible representations of an 
Abelian group are one dimensional and thus the number of 
irreducible representations is equal to the order of the 
group. 

Prom now onward the p-th irreducible representation 

r , 

T? will be written as R., D (an ) 7 and corresponding 
P P v P " 1 > 

characters will be written as k . 

i jl 

7. If Rp = | D p (g i )jand R q = j^ q (g i )‘j r are p-th and 
q-th irreducible representations then 


representation R 


D(g 2 
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n 

2 Vo (g i ) V (g i ) = a* ^ lk &i n (9) 

1 = 1 _ P 

where X- - is Kronocker delta. 

U1 J 

8. If a group G is a direct product of two groups H- 

and H 2 i.e. if G = X and if and P,p are the 
representations of the groups and IV,. Then the repre- 
sentation 3 of the group G is given by S - 2^ X P^ 

where P-| X Pg is the direct products of the representation 
matrices. Then the character of the group G in representation 
R is given by ? 

k (S) _ k; ( P 1 x Pg) _ k^ P 2' ) where k is tb '- 

character of the group in the representation giiten by the 
superfix. 

9- If a d-dimensional reducible representation 

R* = ^ D* (g-|) D’Cgg) ..... D* (g^)^ is reduced to 
R = P(g 2 ) •••• D(g n )|such that 

R = c 1 R 1 © c- 2 r 2 © c. 3 + .... © c r S r 

where R^ ? Rg .... R r are irreducible representations 
of the group i.e. if-R = l D (gi)| 

and a-, =/D 1 (g 1 )|, Hj = JHgtgi )}•••• E r = f V g i 'l 

then iKg^) = c l D l(gi) + c 2 ^(gi ) + c r D r (Si) 
for i = 1 s 2, ....n. 
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then n 

c = — k(g. ) k (g. ) ' ' ‘ ' ' * • ' ' 10) 

m n *■ — i Vo i m ve, i' v y 

i = 1 

Thus given any arbitrary representation ?L=-^D(g^) j of a 
group G- = ^ g-j, • ° ° ° g n )] ®ne can immediately write it 

in reduced from by using equation (2) and (10). Thus an 
arbitrary set of representation matrices are block diagon- 
alised in a minute. As remarked earlier, there is a 
direct connection between the block diagonalizations of 
representation matrices. of the symmetry group of a struct- 
ural system and the block diagonalization of s'tiffness matrix 
of the system. Since there exists a simple formula for the 
block diagonalisation of representation matrices of the 
symmetry group, one can speculate to have similar simple 
formula, for the block diagonalisation of the stiffness 
matrix also. Before this work is pursued, further it is 
preferable to illustrate as to what has been done so far 
by various examples. 

4.2.3 Illustrations % 

Consider the following groups one by one. 

1 - The group C^s 

The group multiplication table for this group is 
shown in Table 4.l( a )» 

There are two classes in the group namely ( E )and (CT). 
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Therefore, there are two irreducible representations 
of the group. Also since tue group is Abelian, it can 
have only one dimensional representations. 

Thes'e are shown in Table 4.7. 

The characters of the group is same as Table 4-7 
because the representations are one-dimensional. 
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TABES 4.7 


TABES 4.8 


I RES DUG IBIS 
OB C, v 


REPRESENTATIONS 


THE IRH3DUCIBE3 R3PE3 SETT TATI ON S 
OB TEE GROUP C 2y (or the chara- 
cter Table) 




TABLE 4.10 

THE CHARACTER TABES OB THE GROUP 
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Thus the reduced representation of R is 


D(E) 


1 

0 ~ 


b 

o' 

1 

s( cr) = 


0 

1 


0 

-rj 


A similar argument holds for the group 7 
C 0 = V 3, 0 o V also, 


2. 'The group 

The group multiplication table to this group is 
shown in Table 4.2. 

Since the group is Abelian as can be seen from the 
Table 4.2 ( CT-j (TT, = (lb, G~^ etc. hold). Therefore every 

element of the group is a class by itself (see section 4.1. 5) 
and so there are 4 classes. Therefore there will be 4- 
irreducible representations each one dimensional because if 
d-j, 6^, d^, d^ are the dimensions of irreducible represent- 
ations K-|, Eg? -39 ^4. than from eq. (8) 

d(j + dg + d^ + = 4 and hence = d^ = d^ = d^ = 1. 

(This could have been argued from the properties of Abelian 
groups quoted in section 4.2.2.). The 4 inequivalent 
irreducible representations of the group are given in 
Table 4.8. Note that this table represents the characters 
also . 
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Consider now a 4n -dimensional representation R of 
the group, 


D(3) 


-t 

I 


~ 0 

I 

0 

0 ~ 

I 0 


I 

0 

0 

0 

I 

D (cv = 

° 

0 

0 

I 

0 I 


1 0 

0 

I 

0_ 

—J 








0 

0 

I 

0 


~ 0 

0 

0 

1 1 

0 

0 

0 

I 

d(0 2 ) = 

0 

0 

I 

0 

I 

0 

0 

< 

0 1 


0 

I 

0 

0 

_° 

I 

0 

0 _ 


I 

0 

0 

0 


where I is a n x n identity matrix. 

Bote that these representation matrices have been already 
encountered in III Chapter (section 3.2) and have been 
seen to satisfy the group postulates. 

To get the reduced representation, 


let 


S - c-jA-j © o 2 -t'p 


! 3 L 3 ® c 4 S 4 


i . e 


D((T 1 ) = ®c 2 d 2 (c^ 1 ) ® c 3 d 3 ( cr) ® c 4 r 4 (C-) 


D( C~o ) 


c-,D^(c’o) ® c 2 a 2^ ( ^ _ 2^ ® ® c 4 ^ 4 ( <^" 2 ) 


1"1 V - 2 


D(0 o ) 


c^^Cg) © c 2 R 2 (C 2 ) @ c 5 R 3 (C 2 ) © c 4 B 4 (C 2 ) 


where D,^(g_. ) are given in Table 4.8 (ik = 1,2, 3, 4). 

Jx 1 . 
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The characters of the representation R. are, 

k (S) = 4n , = 0, k (£T 2 ) = Oo k(C 2 ) = 0 

c m = l ) V’O + k (c--|) ^(crp +k(cr 2 ) k m (<r 2 ) 

+ k <°2> k m {0 2» 

= T because k(0~ 1 ) = k(Op=k(C 2 ) = 0 

Prom table 4.8, k m (P) = 1 for all m = 1,2, 3, 4- 

Therefore c-p c 2 = = n 

So the reduced form of the matrices of R are 

D( CT^ = n D^CT. '^ © n D 2 ( 0“ t ) © r D^CT.,) © n D 4 ( Cp ) 

D(C” 2 ) = n D^CT 2 ) © n D 2 (6“ 2 ) ® n ® n D 4 ( £r ) 

D(C 2 ) = uD 1 (C 2 ) © n P 2 (C 2 ) ©n D 3 (C 2 ) @n D 4 (C 2 ) 


or 
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3. The G-roup C 3y s 

The group multiplication of this group is shown 
in Table 4.3. The order of this group is 6 . There are 
3 -classes in this group, namely (3 j 0 ^) and 

kj 3 ' >CT^ jClJ) and therefore there will be 3 -irreducible 
representations 3-j, 7 2 2 ^3 dimensions d^, d^ and d^ 

respectively. Fro a eq. ( 8 ) one must have, 

d^j + dg + d^ = 6 

The only possible integers satisfying the above eq. are 1,1 
and 2. So let d 1 = d 2 = 1 and d 3 = 2 i.e. there are two 
one-diraensional irreducible representations and there is one 
2— d imen sion al irreducible representation. The one dimensional 
representations ares 


0 


0 

1 ' 

D-jCS) = 

D 1 (C 

3 ^ 

= D^Gp 

0 

■2 0 

d 2 Cs) = 

d 2 (c 

9 

= d 2 (o 3 ) 



f 1 

0 ] 

f 3 (o 3 ) 

•3 S 

D 3 (3) = 

L° 

ij 


p 2 (x 1> 

y 2 ) 


y 2 


(oh = 1, D 2 (O=D 2 < 0 ^>= D 2 (<r ?) = -' 


.a^ 

y ‘ 





p .i (x rr y.i } 


"S i 


->X 


■ig‘ 


4. 1 


'i p 2(x 2 , y 2 ) 



; . . . yi) 



X 
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In order to get Ih(cM, iu(0~ a ) etc. the following 




0 v v' 


arguments are necessary. Consider the Pig. 4.1. One has 


X 1 

- r O' 

O 

CQ 

CD 


1! 

: r 

Sin ©, Xp r Cos 

il 

C\J 

pM 

OJ 

CD 

r Sin 

®2 

and 

© 2 - 

CD 

+ 

© r 

'Then 

fro m th e identity, 





Cos 

(© 

+ @-j 

) 

= Cos ©^ Cos Q 

- Sin 0.| 

Sin© 




Sin 

(e 

+ © 1 

) 

= Cos 9-| Sin© 

+ Sin ©^ 

Cos 0 


One 

gets 

X 

2 

= x 1 

Cos 

© - y.j Sin © 

X 

ro 

Cos© 

- Sin© x 1 








or : 

= 




y 

2 

; X 1 

Sin 

© + y 1 Sin © 

CM 

Pm 

Sin© 

+ Cos© y 2 


Thus the effect of rotations in two dimensional 
space is represented by the matrix, 


D (Cq) 


o f 


0 = 


Cos© 

-Sin© 

Sin© 

Cos© 

2 77k 



and hence by putting any value 


, k ( 

'iT 


In the present case © = 120° and 240° will solve the problem 
and the matrices, 



-(1/2) 

-03/2) 

2 ' 

(1/2) - 03/2) 

d(c 3 ) - . 

03/2 ) 

- (1/2) 

P(C 3 ) = 

? 

- 03/2) -(1/2) 


2 

can be taken to be (C^) and P^(C^) respectively. 

To get the matrices D 3 ( CT a ) etc., consider the Pig. 4.2. 
one can see that 




x 2 

= x^ + 

2d 

Sin 

9 




y 2 

= y 1 - 

2d 

Cos 

9 



Also 

C\J CM 

+ y 2 = 

X 1 

+ y? + 

4d 2 

(Cos 2 9 + Sin 2 ©) 



- 4d(y 1 

Sin© - 

X 1 

Cos 

9) = x 2 + y 2 

So d 

= y-i 

Sin© - 

X 1 

Oos 

9 




or 


x 2 = Cos 2© + y^ Sin 29 j 

' x 2j 


0os2© Sin29 


V 

or | 

! 





y 2 = x^ Sin 29 - Cos 29 

CM 


Sin2© -Cos2© 


V 1- 


Thus reflection across a plane (in two dimension) inclined 
at 9° w.r.t. x-axis is represented by the matrix, 

Cos29 Sin29 
Sin 20 -0os2© _ 

~ sl b 

Consider now Fig. 2.2. For the reflection planes ,0^. 

and(y*^ 9 9 = 90 °, 210° and 330° respectively and therefore 

the two dimensional representations of <j^, (J^ > (7"° are 

followings 


~-1 0 ^ 

■u 

1 O ; 

fi s~ 


, D.(cr b ) =: 

2 2 

, p , ! 2 ‘2 

_° 

3 v 

f 

1 <T5 1 

! ^v ~ M3 1 



-2 2 J 

'2 2 


All of the matrices D^(C^), F^(<r^) etc. can not be 
further reduced by any similarity transformation whatsoever, 
(note that a few of the 6-matrices could be reduced 
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through a similarity transformation by some matrix but 
not all of them at a time). Thus one can take these to 
represent the R,. So the complete table of irreducible 
representation is as Table 4.9 reads. 

Since R-j , Rg are one dimensional, therefore the 
characters f r E-j, R 2 31,6 given by themselves, e.g. 

k-|(Cj) = k-|( and k 2 ('l^) = 1 k 2 (o~^) = 1 • 

The characters of R^ can be found either by use of eq. (6) 
or by taking traces of the matrices of R^. One finds tr.D^(s)=2 
tr.Rj(O^) = tr.T^(C^) = 1 and tr.D^( = tr.D^( 

= tr.D^( ~) = 0 (See table 4.9). One can see that characters 
are same for those elements which belong to a class e.g. 
k 5 (C 3 ) = k 3 (C 3 ) - 1 aid k 3 (<7^) = k 3 (cr°) = 0 i.e. 

\ i 2 ■' 

The characters of the classes K-j = l S ; Kg — l G ^ s ) and 

/ 8 1) C 

= 1 0 v , C~ v , C y 'j in R_ are 2, 1 and Q respectively. 

Using the double suffix notations for characters (where 
1st suffix indicates the irreducible representation and 
second indicates the class) one has a matrix for the chara- 
cters viz. f kn ... ! ^ ^ . This matrix is given the name 

'’Character Table" of the group which for the group 
is a 3 x 3 matrix shown in Table 4.10. 

In general the character table for a group with 
r-classes will have the following forms 
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7 r 
X'j. 

1 

IC 2 

K, . . 
3 

• * 

I 

~ 

i. 

r 







R 1 

k 

11 

k 12 

0 

K\ 

”! — 


k i 

1r 







T? 

“2 

k 

21 

k 22 

k 23 • 

o o o 

k 

2r 







a 3 

k 

31 

k 32 

k 33 * 


k, 

3r 







S r 

k 

r 1 

k r2 

k r3 ‘ 

o o & 

k 

rr 






Comming back 

to C 

consider now 

the i 

6- 

-dimen 

sion al 




representation R 

given 

by 











~1 

0 

0 

0 0 

o' 



"0 

1 

0 

0 

0 

o'; 


0 

1 

0 

0 0 

0 



0 

0 

1 

0 

0 

0 i 


0 

0 

1 

0 0 

0 



1 

0 

0 

0 

0 

0 

D(B ) = 

0 

0 

0 

1 0 

0 

D(C 

f 

3^ = 

0 

0 

0 

0 

1 

0 , 


0 

0 

0 

0 1 

0 



0 

0 

0 

0 

0 

1 


0 

0 

0 

0 0 

1 : 

& 

\ 


L° 

0 

0 

1 

0 

0 




" 0 

0 

1 

0 

0 0 











1 

0 

0 

0 

0 0 











0 

1 

0 

0 

0 0 

I 



and 




D(C?) 

= 

0 

0 

0 

0 

0 1 











0 

0 

0 

•) 

0 0 











0 

0 

0 

0 

1 0 
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D(<T®) = 


~1 

0 

0 

0 

0 

o' 


*0 

0 

1 

0 

0 

Q~ 

0 

0 

1 

0 

0 

0 


0 

1 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 


1 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

v w v' 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

1 

i 

0 

0 

0 

0 

1 

0 

0 

i 

0 

0 

0 

1 

0 

*, 

0 

0 

0 

1 

0 

Oj 


and D(CT°) - 


0 0 
0 0 
1 0 
0 0 
0 1 
0 0 


Characters of this representation are given by the last 
row of the Table 4*10, viz., 6, 0 and 2. Prom eq. (10) 
one can now immediately get the values of c^, and 
for B , i . e . 


C m = 7 T > ' k(g, ) k (g„ ) 


6 

i=1 


> i / m 


X k (- t ) 

i=1 


. )k • • r. 
i mi i 


Q m 6 (k( K 1 k ( L 2 ^ lc m2 2+k ^3' >K m3 ^ 


-g- (^ m1 + 6^3) because k ( K : ) = 6, k( K 5 ) = 2, 
k(K; 9 ) = 0. 
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So, c -j = k.j -j + = 2 

c 2 — k 2 1 3 ~ ^ 

c 3 _ iC 3l + k 33 = 2 

Thus R = c-]R^ © c 2^2 ® °y*'3 ~ ® 2 R^ and therefore 

the matrices of R reduce to the form; 




All the matrices D(g^) are thus block diagonalised . 

Similar arguments could be applied for any other represent- 
ation of the group C^ y . 
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4. The Group 

The group multiplication table is 4.4= There are 
5 -classs, as shown in sub-section 4 . 1=3 in this group. 
Therefore there wall he 5 -irreducible representations 

^- 2 ’ ^ 3 ? ^ 4 . snd ^3 of dimensions d^, dg? d^> d^ and d^ 
given by eq. ( 8 ), i=e= 

P 2 2 2 2 

d^ + dg + d^ + d^ + d^ = 8 

The only possible values oof d -j , ..... d^ are 1,1, 1,1 and 2 . 

Thus four of the five irreducible representations are one- 
dimensional and one of them is 2-dimensional. These can be 
found by similar arguments as that for G^ v and are given in 
Table 4.11(a). The corresponding character table is given 
in Table 4. 1 Kb) . 

Any other representation E can be write - as direct 
sum of the above irreducible representation. 

5. The Cyclic Group 0 ff| S 

2 m~ 1 

The group consists of j, 0^, 0“ ..... C m » It can 
be seen that the group is Abelian and 0™ = 3. All the 
irreducible representations are one-dimensional and are 
in all ,m. 

k 1c 

If one choses the representations of C m as 9^ 
the group multiplication table is satisfied. T .Tith this 
knowledge table for m-inequivalen t irreducible 
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TALL B 4.11 (b) 
CHARACTER TABLE G 


TABLE 4- 12 

THE I SHE LUC I BIOS REPRESENTATIONS OP C r 
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representations can be written as Table 4.12. 

Note that the Table 4.12 represents the character 
Table also because the group is Abelian. 


Consider now nm-dimensional representation R of 

of 

the group 0 given by either of the set/matrices 

T 1» T 2 , .... T m = I or A 1? A 2 , ... = I 

of section 3*3. The characters of the representation given 
fey ^1, T^j Tgj . ... T' m _^are given by run, 0, 0, .... 0 
respectively. The reduced representation of R=-^I,T^ ... 
is given by 

~~ if 

R = c 1 H 1 © c 2 R 2 ® c 3 5 3 ® ® c m R ni 


where 


21 

i=1 


t(cJi) 


k(B) 


k-^(B) = n 


Thus R = nR-] © nR 2 ® © + ..... . © nR m and hence 

the reduced forms of T-j, T‘ 2? T^ ..... T' m _^ is atonce 

known. e.g. for ih and T v the reduced forms are; 

I K. 
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where I is n x n identity matrix. 

Tote that the matrices !L are completely reduced i.e. 
they get diagonalised . This is the case with representation 
matrices of all Abelian groups. The irreducible represent- 
ations and their character tables of various groups are given 
in the Appendix attached after the end of Chapter VI. 

The results of sub-section 4-2.2 will be very essential to 
determine the irreducible representations and character 
tables of any group. 

Whatever has been done by now is giving no clue 
towards the applicability of various terms like groups, 
classes, representations, characters etc. The next section 
will indicate towards this aspect. 


4.3 THE PHYSICAL K3MIUGS OF K3PH3 SUIT TATI (ST S 


Consider a pphysieal system with symmetry group 
G = k-u goi •••*• g„v • Let there be 2T -degrees of 


s 2’ * ’ * '* g nj 


freedom in the system. let a basis e = (e 


1 


e- 




) 


is associated with these degrees of freedoms such that any 
displacement of the system as a whole is described by linear 
combinations of these basis vectors. These basis vectors 
can be thought of unit vectors at various nodes of a 
structural system, 6 at every node, three corresponding to 
displacements or forces and the rest three corresponding to 
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rotations or moments. Note that here two different 
kinds of space, the real three dimensional space in 
which displacement etc. at various nodes are visualised 
and the phase space in which the vectors are representing 
the displacement etc. for all the degrees of freedom, 
should he carefully distinguished. , 

Now consider the effects of symmetry elements 
g^, g^, ..... on the basis vectors e^, ..... e^ . 

i. e . g i — 1 , 2 , .....on, k 1 , 2 , .o.. jji . 

Since the basis e.^, e^, ..... is complete i.e. any 

vector can be written as the linear combination of these, 
therefore, 

N 



1=1 

Written in another way, 
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Therefore g^g^ = g-j_=iF D(g^) D(g^) = D(g^). Therefore 

the matrices D(g^), D(g 2 ) .... D(g ) form a I-dimensional 
representation of the group &. Let this representation 
be called Ft. Thus the representation R defines a set 
transformation matrices which give the effect of symmetry 
operations on basis vectors e-j, e 9 .oo, e T ^. Also since 
the length must be preserved under symmetry operations, 
the matrices D(g^) must be or unitary or orthogonal as 
the case may be. 


From the previous section it follows that the 
, c 

representation R =^L(g^)^ can be reduced or can be 
written as direct sum of r irreducible reprsen tations 


= V D- 


T 

<«!>] 


R 2 = 


\ D 2 (g i } 


) V 


J* * • 


= |D r (g^)"^of dimensions d^, d 2 * 
where r is the number of classes in the group G-. 


p 

"tr 


d^ respectively 


or R = c-jR^ © c 2 R2 ® R^ 


® c R 
r r 


or 


p = 


R- 


R. 


Rr 


R 2 


R_ 


c^ - times where 


R= L( gi ) 


c . 2 times 


c -times 
r 
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The numbers c 


I 5 w 2 


are given by eq. (10), i.e. 


c = -- ^)> k ( p . ) k ( p ) 

m Y1 / \ °i ' 


m' u i n 


kC^) k.^ 


where is the 1-th class in the group, r-^ is the number 

of element in K-^ etc. The existence of reduced represent- 
ation of R implies the existence of a basis in which the 
basis vectors are classified according to the transformation 
under symmetry operations, i.e. under all the symmetry 
operations of the group one set of vectors in the basis does 
not mix up with other sets of vectors in the basis and soon. 
This in turn needs a transformation of the first basis 
vectors to another one such that the resulting vectors in the 
basis have attained the above mentioned property. Let this 
new basis e is obtained from e by a transformation matrix 


i . e . 



and D(g i )=S D(g ± ) S” 
are in reduced form. 


The basis e is called the "symmetry addicted" basis. Since 


in the reduced form, R 2 •»». R r occur c,j ? Cg, 


OOO O 


times therefore the basis vectors can be classified in 
the following way; (by using a comprehensive notation). 
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= (e 


(P, 1) ^(P! 1 ) 


S- (P» 1 ) — ( P , 2 ) — (p, 2 ) - (p, 

- d; 5 e 1 e 2 "” e d- 

' y ' — v ' 


First occurrence of Rp in R 


0 , 1 ) 2 - 00 ) 


• * • 0 


(q.O ) 


q 




Second occurrence 
of in H 

(q,2) - 0,2) r<q,2) 

2 d q : 


• " « ) 


First occurrence of F in F Second occurrence of R in R 

M. 


Under the symmetry operations g^, g ^ 


the vectors 


■'1 


(p»l) 


(p,l) 


(p»l) 


'dp 


are transforraed by 


Dp ( g -| ) , D p (g 2 ) Dp(g n ) and are closed, similarly 


(q,m) 


(q, m) 


are transformed by D (g-j), 


D^(g 2 ) • ... D^(y p ) and are closed for 1 = 1,2, ... c , 


and m = 1 , 2 , 


for all p, and q = 1,2, ...r. The 


|Dp(gi)y and are denoted by e^ 


i • , — (p,l) — (p.'l) — (p.l ) n \ 

basis vectors e-| e 2 ..... (1=1,2, ...Cp) 

are said to be the basis of the irreducible representation 

(i=1 , 2, ... d p ) 
because under g 2 for all 1, they are transformed by 
Dp ( gi ). Note that these symmetry adapted basis vectors 
are linear combinations of the original basis vectors 
whose co-efficients are the elements of unknown matrix 
S which transorms R to reduced form. The basic aim is to 
find out this matrix or 51 the symmetry adapted basis”. 

Group theory provides this symmetry adapted basis very 
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easily. In e’l^ , ' L ' the pair (p, i) is called the 
"symmetry species'' of the basis and 1 distinguishes 
different vectors of the same species. 


4*3.1 Gen eration of the Symm etry Adap ted Basis 


Consider an arbitrary vector 7 in the phase space. 
This can be written as 


V 


N 

X V. e. 
i=1 1 1 


X X 1 •.v (q > 1) e, {«’D 

(1=1 k=1 1=1 


k 


"k 


(q) 


2, Z \ ™ ere \ 


q k 


1 
“~r 
> 

1 = 1 


U) = £ vjiu) 


k 


'k 


and so V r 

Jz, 2) 

e k •• 


(q) 


lies in the plane spaned by e 
Z ( 1 ’ c n ) 


(q,1) 


'Z which have got exactly similar 


transformations under g^. There are d^ + ^2 + ••• + d^ 
such different planes or subspaces (for every q, dq planes 
or sub-spaces). The aim is to extract out one plane 


from all these d^ + dg + 
following, 


. + d r planes. Consider the 


n 

V ’ = i = i gj - V 


r d c. 
q q 


l“p3k— Si Z, ± Z. -' s (5 ’ m) e {4 ’ m) 

““j s=1 m=1 

i=1 


q=1 
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By definition , er. e 


? s (4>m) = % Ve ( «i> 


» ^ q q 

Therefore, V’^I7 ^ X. If BI ( D ilc (gi )D (g, ) 

i = 1 q=1 m=1 s^1 1 = 1 V 1 % la 1 


( q,m) ~ ( i,m) I 

e * 


Iron eq. (9) (Section 4,2,2) one has 


hif ^qms^B d" 

i=1 P 


Spq Sjm 2ks J 


There foe 


r dn c c 

^ .J± 0 . 2 _ 

Z E E H « p 

q=1 s=1 m=1 1=1 


= X 


X d SpqSjl&s V ! 


(q,m) ~ (q,ts) 


<3. B k 


(p ? m) - (p,m) 


or V* = V 7 p p jk (gi)gi Y = d 


( ? 2 ) 


Bu t the e . 

J 


C p r \ (p.m) 

^ v (p>m) r 
P Z, k 6 3 

m=1 

- ^ P ’ c n ) . . 

. . e^ 1 for ( fixed p, jj 


h ave got same transformations under g^ and are one of the 


basis vectors for Bp- The r sum will also have same 

„ n c p (p,ra)~ (p.m! 

tr ansiormation property and therefore v, e- 




(p ) (p ) 

are basis vectors e-j , eg , 


ei p ^ for 

a p 


irreducible representation 


Iwf 
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66 


u ( N 

ThUS "2 D pjk ^S i )g i Vrv/e\ Py (for fixed k, 3=1,2,... d p ) 
i=1 

where ~-me an s the same transformation property. The basis for 

n 

D_ are therefore generated by ''y' D 

P ' i=1 

applied on any arbitrary vector. This operator thus 
projects any vector on the basis vectors of the irreducible 
representations and is therefore called PROJECTION OPERATOR 


denoted 

by 

p(p) 

jk 



p(p) = 
jk 

n 

hi 

i=1 

iD pjk ( Si ) % and 

1=1 

D . .(g. )g. ( 11) 

P33 s i & l 

p(p)y= 

Qk 


and P^ V = 

J J 

e (p) 

3 ’ " " 

----- f12) 


piJshSi if “ ls 


The eqs. (11) and (12) are probabily the most important eqs. 
of this thesis. They generate the basis in which the 
representation R gets reduced and as will be seen, this 
basis will be one in which the stiffness matrix of the struct- 
ural system gets block diagonalised . Not only this, the 


basis will provide the normal modes of the structural system. 

( P ) 

The special case of projection operator, P.2 known 

ci J 

as IH3MP0TTNT OPERATOR is equally important because the 
knowledge of this is sufficient to generate the complete 
basis and those P^.p^ for j £ k are redundant so far as 


the generation of basis is concerned. If one takes the 
trace of the equation (11) one gets another operator. 
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known as "Character projection operator 5 ! This is also of 
importance aijd is 


>(p) 


n 

2 

i=1 


k (a-. )g. 
p v 3. /& 1 


X 

1=1 


k K 
t>i i 


( 13 '. 


where is the class sum of class IC-^. 


low the basis in which the representation 1 

reduces is at hand and one has sufficient tool to simplify 

the symmetrical structural problems. The next chapter 

will be devoted to this aspect. Before this is done, 

an illustration of the above procedure is given for the 

structural systems with the symmetry group C £S, <31 

The irreducible representation of this group are given 

f ) n 

in Table 4.7. Prom eq. (11) Pjy = ^ 

1=1 

for this case iSj 

P^ ^ = 1 * B + 1 .rr = 1 + CT f I> are 1x1 matrices } 

w \ P 

P^ = 1 • E - 1.CT = E -CT 

Let the original basis of the system he ( e -|? e 2 ••• 

Then the symmetry adapted basis is given by 1 linearly 
independent non-zero vectors generated by. 


p (1) P (1) 

P.e 




c 


and P-e-j , 


T> 


( 2 ) 


P (2) 

F ‘ e S 





Since 

= and let 

the 

original basis is such 

th at CT e i 

= - e ?>J , (Te 2 

= ~e r 

i-1 ’ * * ‘ * ^ e N/ 2 = " e N , 1 

2 

or cr-^+i 

2 

= - e I + 1 as : 

' 2 

1 is 

even or odd repectively 

Then for N 

Jl) 

= even,? e^ 

= (E 

+c "> e i = e r e u-i + i 

r ~ "1^2^^ ..o 

T\T | 





- <r) e t 



+ 


e 


N-i+ 1 


i=1,2, 


IT. 


Therefore the symmetry adopted basis for N = even iss 


( e i ± e N )» ^ ( e 2 ± e u_i^ ^ e h/2- ® 2 + ^ 


N 


For U = odd the symmetry adapted basis is } 


( m ^ e 1~ ®N^ r?s ^ e 2™ e N-1^ "'*^2 ^ e Nrl - e N+3 ^ e N+1 ^ 


•f2 


a 


It is seen here that even if the node comes on the 
reflection plane the arguments of symmetry remain fully 
applicable (N=odd here). Note that the initial choice 
of basis vectors may be arbitrary and still the symmetry 
adapted basis can be obtained. To this end & lemmas due 
to Schur must be noted he res 

(i) Given any two irreducible representations H-|=|D^(g^) | 
and 1p2^ ®i ^ j ? ^ en ^ or soms matrix S, the relation 

D 1 (g i )S - S D 2 (g i ) (for all i=1,2,... n) holds only if 
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either S is a null matrix or it is a square non- 
singular matrix* 

(ii) The only non-trivial matrix which commutes will all 
the matrices of an irreducible representation, is a multipl 
of identity matrix* 

The later lemma follows from the former. Both of 
them will be useful in the next chapter. 



CHAPTER 5 


APP LICATION O F GROUP THEORY TO SYIPIExHIOAL STRUCTURAL SYSTEMS 

5 • 1 GE NS HA L COXSILE RATI OKS; 

Consider a structural system with a symmetry group 
G. Let there be IT-degrees of freedom. Let some arbitrary 
co-ordinate systems are chosen whose basis vectors are 
e-jj e^ $ ..... . e. T . Out of these N-tple vectors 6,5,4, 3,2 
or 1 belong to every node as the case may be. Let the 
structural system deform and the nodal displacement vector X 
is described by a set of generalised co-ordinates q.-p q 2 ••• 
referred to the above basis. The deformation potential 
energy II = TI(q-], q 2 •••• q w ) = U(X) may be any positive 
function of X such that U(X) =^(-X), Now since the system 
has symmetry group G =-|g^ g 2 •••• g n y , therefore the 
behaviour of system under g^, g 2? ••• should remain 

invariant because these symmetry operations by g^, g 2 * • • g n 
are equivalent to rigid body rotations or displacements of 
the system which does not produce any deformation energy. 

Thus the deformation energy U(X) must remain invariant 
under all the symmetry operations of the symmetry group G, 
which in turn means, 

u( gl x) =u(x) f u(g 2 x) = u(x) .... u.(g n x) =n (x) 

Put X = q^e ^ + q 2 e 2 + .... + q^ and as has been seen in 



Chapter 4 that g j _e k = 2_ D^Cgj,) e 1 - 

1=1 

Therefore g^X = D(g^) X and so the invariance under 
g-\> §2 • ° • " S n means invariance under P(g-j), D(g 2 ) • . ... 
D(g n ) where ) D(g^) is the H -dimension al representation 

of the group G let this representation be called R. 

Thus for a structural system with symmetry group G whose 
S-dimensional representation is R, U(PJC) =U(j) i.e. 

U(l)(g 1 )X) = U.(X) (i=1,2,....n) (1) 


Sq.So (l) is a set of n-equations out of which only few 
may be independent and the rest may follow from those few. 
However it should not be taken that the dependent set are 
useless and should be thrown away. The moment any member of 
]D(gj L )jor G is thrown away from considerations one will lose 
one’s track and the whole effort will either be a waste or 
will yield less information than could have been obtained from 
the use of thecomplete group. At this moment one can note that 
if instead of using the complete group one uses subgroups 
of it, one will get different kinds of simplifications 
depending upon the nature of the sub-groups used. e.g. if 
G h as sub— gro up s ’ ^3 • • * « tig of o rd er s^, s 2 , s ^ .... 

respectively and if their 17-dimensional representations 

p - = i D(h$ 2) )| . .. . P Q = \ 3)(h ( ^)V 


are P 1 = ^ D (hj_ J )) 9 ? 2 

then the invariance of ^J(X) under H^, H 2 


means . 





ITXlXh^hs) = U (X) ; i=1, 2, ....s., 

U(B(h[ 2 ) )l) = U.(X); i=1,2 s 2 ( 2 ) 

U (D(hj S ' ) )X) = u(l); i=1,2, «... s g 

The resulting simplifications by use of different subgroups 
H *j 9 Hg . . . . H may bo altogether different because they 
may have altogether different nature and hence different 
irreducible representations etc. hot only this, use of a sub- 
group of a symmetry group may yield more ease in calculations 
than that of the full group. The reason is that finding of the 
symmetry ad pted basis may be easier for a subgroup than that 
of the full group but ofcourse the information obtained will 
bo loss. As an illustration to this consider the system 
shown in Fig. 3< 10(a). This has symmetry group C ^ and there 
are 6 -degrees of freedoms. How if one wants to use 0 
one has to put some effort to find the symmetry adapted 
basis, while if one uses only the subgroup C^, one can 
visualise that the chosen basis in Chapter III itself is 
symmetry adapted and hence much of effort is saved this side 
but as will be seen latter that the other calculations are 
easier if one uss the C ^ Y - 

Ths equation (1) is sufficiently general and is 
true for linear and nonlinear problems both. The nonlinear 
problems are how far reduced by use of group theory is to 



R = c 1 R 1 © 


9 


T} = 
* L 2 


c 2 R 2 © ......© c r T? r where R., =--D 1 (g i )J 

1*2 ( ) 1 ••••• Rr = T D r^ s i ^ *[ ar8 t5le irreducible 


2 s °i ' ] “r ~ i 

representations of the group. To make the matter more 
explicit consider the following cases. 

(l) The group has two class and hence two irreducible 
representations R-j and & 2 °f dimensions d^ and d 2 « 

(i) If R^ and R-, occur only once in R i.e. 


R = R 1 © R 2 


\ R- 


r 2 I 


[K 


Then if 


T. r 


1 1 


K 


12 i 


is partioned as R, 


‘21 


rr i 

h 22 j 


KR = RK me an s 


ir 

“1 1 


K 


12 


K 


21 


X i 
2 2 1 


IR 

2 


R 1 ; 

j 

K 11 

K 12 

L % 

i 

i 

- S 2J 

1 

_*21 

K 22 


or 


or 


for 


K 11 

R r 

K 12 

R | 


r~’ 

1 

j 

K 11 

R 1 K 12 

k 2 i 

Rl 

k 22 

S 2 J 


1 T r 

L"2 

K 21 

s 2 k 22 _ 

T r 

A 11 

R 1 

= S 1 

K 11 

9 

k 22 

r 2 = r 2 

K 22 

c\j 

1 J~ 

r 2 

= S 1 

K 12 


y 

2 1 

Rl = R, 

K 21 

R i 

= { D 1 

(gj_) 

i=1» 

2, 

9 0 0 0 

n^ and 

h 2 ={ 






i=1 

9 2 J • • • 

. n)] 



Prom Schur lemmas (please see at the end of IT Chapter) it 


follows that, 


If-. i = k -jl -j , Kg 2 = Kgig, K 12 , = K 21 =0 where I-j and Ig 
are d-]Xd^ and dgXdg identity matrices. Thus 



'Xh 0 ■ 


k ^ 

" 

1 

I 

1 

1 

1 


lc i 


- 0 k 2 X 2 J 



. 

(xi 


' k 2 


(ii) IT o w let is occurring twice and Rg once i.e. 


R = 2R 1 © Sg 

when K is also partitioned in 


K 11 

K 12 

L 13 

]7* 

t r 

IT 

xVgi 

“22 

kg 3 

"31 

CM 

K~\ 

Tf 

"33 


R^ The equation (4) 

Rg ^ 

similar way is, 


T? 

— 


K 1 

_ 

a i 

r 2 _ 


1 1 

K 12 

L 13 

'21 

K 22 

K 23 

’31 

K 32 

W 

XN 

XM 

1 



C- J 




M 

t-H 

{ 

S 1 

K 12 R - 

K 

1 a 13 

h 2 " 

'*1 

K 11 

s i 

K 12 

E-j 

K 13 

or 


K 21 

R 1 

K 22 S - 

1 K 23 

R 2 

= E 1 

k 21 

s i 

K 22 

s i 

lx 23 



K 31 

S 1 

K^2 

„ K 

1 33 

R 2 J 

& 

J/~ 

xV 3 1 

r 2 

XT 

1 32 

R 2 

K 33 j 

From 

Schur 1 

emmas 

it follows 

that 

' 9 






Kn 

= 

k 1 1 

r K 

22 = k 2 X 1 5 

17" 

xv 3 3 

i = k 4 I 2 y 

E 12 ; 

= k 3 

X 1 = 

iv 21 


- K^.j ; ii^ = = 0 where 1^ and ± 2 and d^ x d^ 

and d 2 x dg identity matrices. 


Then 


r k i x i 

k 3 X 1 

i 


K - 

k 3 x i 

k 2 I 1 

! jl>S t 

i 

| \ 



— — — - 

— 

1 5 

r ~ - r 

i 



« 


i k 4 I 2-r 


k l 

0 

k 3 

° 1 ~| 

“' k i 

0 

k 1 

0 

V 

k 3 

k 3 

0 

K 2 

0 1 

i 

0 

v 

_"3 . 

0 

k 2 

j 

| 

L 



1 

1 

.. ..... J 

O ft" ! 

1 

h" O l 

1 

1 

! 


4 


d 2 =2 than. 





H 



which is obtained by re-arranging the rows and columns 
according to symmetry species of 3^ i.e. the 3rd ro,w is 
brought just below the 1st row and the third column is 
brought just right to the 1st column etc. This type of 
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interchanges of rows and columns is equivalent to the 
arrangements of corresponding basis vectors which bring the 
stiffness matrix into block forms as can be seen from 
following little more involved examples 


(2) Let and 3^ be dg and d^ dimensional irreducible 


representations and are contained in R ,.2-times each i.e. 


R, 


R, 


R, 


R-3 


R- 


J. 


in basis (e 
in basis (e 


( 1 , 1 ) ~ ( 1 , 1 ) 

i e 2 

(1,2) ~ (1,2) 


in basis (e"^ 2 ’ ** ^ 
in basis (e\| (2,2) 


in basis (e 


(3,1) 


1 


in basis ( e , 


J\ 1) 


o*oo» 


r ( 2 , 1 ) 

^ 2 ’ 2> 
rl3, 1 ) 


(3,2) r (3,2) 


1 e (1 > 2) '' 

- ( 2 , 2?1 

2 e (3 ’ i: 

0 0 e d ^ 

~(3,2))3 

e d * ’ 

5 


then in this basis KR = RK m 


K 1 1 

CM 

M 

*13 

K 14 

*15 

K 16 



k 2 i 

K 22 

K 23 

K 24 

K 25 

K 26 


h i 

K 31 

K 32 

K 33 

K 34 

K 35 

K 36 


h 

K 41 

*42 

*43 

K 44 

E 45 

K 46 


Rg 

K 5 I 

K 52 

K 53 

ll 54 

k 55 

K 56 


R* 

j 

K 61 

K 62 

K 63 

K 64 

K 65 

K 66 

! 

1 

i 

R* 




R 1 



- 


If 

A 11 

*12 

E 13 

K 14 

k 15 

E 16 ~ 




R 1 



1 

| 

K 21 

k 22 

K 23 

K 24 

K 25 

K 26 




R 2 




Si 

K 32 

K 33 

K 34 

K 35 

K 36 


— 


J 

h 



jr 

41 

K 42 

K 43 

IC 44 

K 45 

K 46 





b 



V 

51 

K 52 

e C7 

53 

K 5+ 

K 55 

be 



- 


E 3 



•"'6 1 

K 62 

K 63 

K 64 

K S5 

be . 


or 

' 











'k 11 r 1 

K 12 R 1 

R 13 R 2 

R 14 E 2 

K 15 R 3 

K 16 R 3 

in 

basin 

(e f 1 - 1 ). 


K 21 R 2 

KggR-j 


K 24 H 2 

K 25 R 3 

K 26 R 3 

in 

basic 

ie^ 1,2 K . 

~C "1 ? 2 ) \ 

* • > 

a 1 

k 31 r 1 

^" 32^1 

k 33 s 2 

E 34 E 2 

K, k R, 
35 3 

K 36 R 3 

in 

basic 

(a' 2 ’ 1 ).. 

* * e d 

( 2 , •: 

2 


^ 42^1 

K 43 E 2 

E 44 E 2 

K 45 R 3 

K 46 R 3 

in 

basin 

(e^’ 2 \ 

e d 

( 2 , 2 ; 

/ 

2 

K 51 R 1 

K 52 R 1 

k 53 r 2 

S +=2 

r— !R.irr 

55 3 

K 56 R 3 

in 

basic 


e (3,D 
‘ ’ e i 3 

K 61 R 1 

K 62 R 1 

K 63 S 2 

K 64 E 2 

K 65 R 3 

K 66 R 3 

in 

basin 

(e/3,2). 

•• e fl (3 ’ 2) ) 
a 3 


r i 

Si 

E-j 

R 1 K 13 

V Y 

I 1 * - “14 

R 1 K 15 

E 1 K 16 

r i 

K 21 

R 1 K 22 

E 1 K 2 3 

*D Tr 
■ 1^24 

R 1 K 25 

E 1 K 26 

*2 

K 31 

R 2 K 32 

^2^33 

R 2 E 34 

^2^3 5 

E 2 E Jo 

E 2 

K 41 

R 2 K 42 

R 2 K 43 

R 2 E 44 

R 2 K 45 

E 2 K 46 

*3 

K c 
- 1 


R 3 k 53 

R 3 K 54 

R 3 K 55 

E 3 K 56 

E 3 

K 61 

R y x 62 

R 3 K 63 

E 3 E 64 

R 3 K 65 

E 3 K 66 J 


in the basis 
as above . 
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By applying Schur lemmas one gets, 


K 11 ~ 

^ 1 1 1 

k 22 

= k 2 2 X 1 J 

pr = v T 

^"33 2 9 

K 44 

k 44 I 2, 


Kcc- = 

55 

'^’55^3 9 

ir 

Xi_ 66 

= k 66 I 3’ 

t - V T 

12 K 12 I s 

K 13 

’ *14 = *15 ° 

" K 16 

!i 

K T 

= K 41 : 

= k 51 

= Kgi = k 23 

“ K 24 " K 25 

= K 26 

— XT — XT 

^-32 a 42 

= K 52 

= K 62 

= k 35 

= lC 56 

= K 53 = ”63 

" K 45 “ K 46 

= K 54 

= K 64 = 0 


K 34 - 

E 43 ; 

k 34 

I 2’ K 56 

K 65 = k 56 I 3 

and 

therefore. 

J 



k 11 X 1 k 12 X 1 1 
} 

2 ^ "j 22 3 

' k 33 I 2 k 34 X 2 I 

! s 

* k 34^2_ k 44 I 2_| 

i k 55 I 3 k 56 I 3 

. k 56 X 3 k 66 I 3 


where the above blocks are referred to the basis 


( e ' 1 - 1 ’, e ' 1 ’ 15 


(1,1) ) if (1,2) r 0,2) e (1 ’f 5 

I- J,l ®2 6 2 *** e d, l 


and 

(e' 2 - 1 ’ j' 2 ’ 1 ’. 


( 2 , 1 ) 


), ( e 1 ^ 2 , 2 ^e 2 ^ 2,2 l • . e^ 2 ’ 2 ^) and 


(3,1) -(3,1) - (3.1)% (-(3,2), e (3,2) aa (3,2)) 

v. e e • • • • e d ) , \ e-j ? e 2 3 


respectively. 
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where 1^? I 2 and are d ^ x d^, d 2 x d 2 and d^ x d^ 

identity matrices. This form of stiffness matrix is ofcourse 
very simple lout is in big blocks of dimensions 2d^ x 2d.j, 

2d 2 x 2d 2 and 2d^ x 2d^. how let the vectors in the basis of 
R-j, S 2 and are arranged according to their respective 
symmetry species i.e. the set of vectors in the complete basis 
are arranged as follows i 



ae try species' (1,1) (1_>2) 







e ( 3 5 1 ) 
e 2 


“( 3 , 2 ) 

2 


( 3 , 2 ) 



-C57aj) 


( 3 , 1 ) 
3 > 


This arrangement means a corresponding interchanges in rows 
and columns, ’"ere the 2nd and d -j + 1th rows and column, 
interchange .4th and d^+3rd rows and column interchange, 

6th rwo and d-j + 5th rows and column interchange etc. Under 
this the stiffness na trix will assume the form (for d^=2, d 2 =1, 
and d^ = 2 ) . 
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V V • * 

11 12, 

V V * 

xv. p v 2 2 ' 


R-pIst vector, 

' species (1,1^ 



i 

5 

I 


L 


K 11 k 12 


1 k 


i ^ 2 1 k 22 


j k 33 k 34 
; k 34 k 44 


R-pIInd vector 

sp ecies (1,2; 


Rgjlst vector 
^ species (2,1) 



j ^55 k 66 


1st vector 

species (3,1) 

Ilnd Vector 
specie (3-2; 


From this and the earlier examples it is clear that the 
stiffness matrix breaks to blocks whose sizes are equal to the 
number of occurrence of irreducible representations. Thus 
in the above R-j and R^ has diemsnion 2 therefore there are 
2-identical blocks corresponding to and while there is 

only one block corresponding to Eg because its dimension is 1. 

In general case where there are r-irreducible represent- 
ations R-j, Rgs •••• R„ occurring c^, Cg? .... c^ times in 
R respectively i.e. H = c^R^ © C£ © •••• © c r k r 5 

let the basis in which R reduces be 


- ( ..... 


1 


(p, 1 ) r (p, 1 ) 


(P,2) 


P 


~ (P» 1 ). ~ (P»2) ~ ( P,2) 
e d ’ e 1 e 2 

1? 


000 ) 
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and let it be arranged according to the symmetry species 
(p,i). This arranged basis is, 



e (P’ 1 ) I' (ps2) 

C -| t? -j o 

1st p-th block 


( p-1 , 2 , . 



N 

>T) 


- (p, 1 ) ~( P 5 2 ) 

e 2 ’ e 2 



Ilnd p-th block 


Then corresponding to 3^ in the stiffness matrix there 

will be d^ indentical blocks of c x c . Thus the whole 
P P P 

stiffness matrix breaks to; 


d-j identical blocks of c^ x c-j 
d2 i! C 2 x Cg 

d^ 11 n 51 Cj x c^ 


corresponding 

it n 

ii st 


to 


R 

R 

R 


1 

2 

3 


°r x c r 


Therefore the inversion etc. of the IT x N stiffness 
matrix boils down to inversions of some or all of the follow- 
ing r differnt matrices; 


One matrix of order c-j x c i 
One matrix of order Cg x Cg 


where r is the number of 
classes in the group. 


One matrix of order c r x c r 

Thus even without knowing any thing about the stiffness 
matrix, one can know the resulting simplifications if one uses 
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the symmetry adjpt “basis arranged according to their 
symmetry species. The only knowldge needed at this stage is, 
the knowledge about the symmetry group G(i.e. the character 
table and the characters of the IT-dimensional representation) 
.... are known from the knowledge of dimen- 

sionality of the irreducible representations which can be 
determined by eq. (8) of the IV Chapter and few other facts 


The d i , dp, 


e. g 


n_ 

h. 


which give the number of one -dimensional irreducible 


representations where h is the order of the commutator sub- 


group. The values of c 


m 


2 

n 


n 

\ 

X 


1 , Cp . ...c are given by eq. (10) of IV 

Chap. 


k ( g • ) k ( g" . ) — — 
V5 r m Vo i' n 


.=1 


1=1 


k(K l ) k ml r l 


where k(g_ ) is the character of in 5, k ffi ^ is the character 
of the class in mth irreducible representation, r^ is the 


number of members in the class 


A l“ 


Thus for the example of Tig, (3°9), the symmetry group of the 
system is c^ v and there are 16 degrees of freedom in the system. 
There are 5-classes in the group i.e. r = 5 - 'The dimensionality 
of the irreducible representations are 1,1, 1,1, and 2 i.e. 

1, d^ =2. The characters of the 5-classes 
in the 16-dimensional representation in the basis shown in 
Fig. 3 = 9 are 16, 0,0 ,0,0. (The 16-dimensional representations 
will be found verv soon). Therefore 


d -j dp d ^ 


c m 


1 

8 


k l E l> k ml 


k(3 ) t (3 ) 

5 . = 2k (3) 

8 nr ' 
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Now k m (3) are 1, 1, 1, 1, and 2. Therefore, 

C 1 = c 2 = c 3 = c 4 2, c^ = 4. 

Therefore the stiffness matrix will break into 4 

blocks of 2x2 and two identical blocks of 4 x 4> 
to 

corresponding/^ which is two dimensional. Therefore the 
inversion of the 16 x 16 stiffness matrix will boil down 
to the inversions of four 2x2 matric es and one 4x4 
matrix while the procedure of Chapter 3 (section 3*2 and 
3-3) theoretically required for this example, the inver- 
sions of four 4x4 matrices. One can see the kind of 
resulting simplifications due to use of full symmetry. 

Similarly the vibration and buckling problems also get 
simplified provided the mass matrices hand axial loads in 
the members have same symmetries as that of structure. At 
this point it should be noted that for the vibration 
problem, the mass matrices will automatically be similar to 
stiffnss matrices. This follows from the definition of 
mass matrices. Hass matrices are defined through kinetic 
energy, i.e. if, T = ( 1/ 2 ) MX = T (X), then M is the 

mass matrix. Since the system has symmetry group 6- 
with representation R. = ^D(g^), i=1, .... n j , therefore 
'T(RX) - T(X) which implies 

MR = Ml (5) 
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The eq= (5) is exactly similar to eq. (4) for stiffness 
matrices therefore all the arguments about stiffness 
matrices hold true for mass matrices also and hence the 
mass matrices of symmetrical structural systems will have 
exactly similar block forms as that of the stiffness matrices 
(here it has been assumed that there are no other inertia 
sharing masses except that of the structures.) 

Comrning to some what more specific case consider 
the systems with Abelian symmetry groups. In this case all 
the irreducible representations are one dimensional and 
and hence there are n-irreducible representations , 

..... R^. let R be the N-dimension al representation for 
the system and let R be reduced to, 

R = c-|E-| © c 2 R 2 © ..... © c n R n 

Then the stiffness matrix will break into n distinct 
blocks of dimensions c-j x c^, c 2 x c 2 ....... c n x c^. 

In such problems one has to invert n-matrices of c^ x~ c^, 
c 2 x c 2 , ...... . c n x c n . The values of c 1 , c 2 , .... c^ 

depend upon the representation E of the problem. 

However their values are approximately same for every 
big problem. 

5 . 2 . 1 Effe ct 0 f I ncreasing or D ecreasing th e Symmetries 

of Structural Systems 

It has been seen in the IV Chapter that symme-irry 
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elements of structural systems always form a group. Thus, 

if a structural system has a symmetry group Gf and if 

one removes some symmetry elements or element, the rest 

of the symmetry elements must form another group G-j C Gr» 

Thus removal of symmetry elements is restricted. Similarly 

if one wants to add some more symmetry elements or 

of 

element, the resulting collection/ symmetry elements must 
form another Group &2 7 b G. This is the restriction on 
increasing the symmetry. If G,G^ and &2 all are Abelian, 
there will not be any any basic change in the nature of the 
problem except for the decrease or increase in simplifi- 
cations of the problem. But if G is Abelian and Gg is 
non-Abelian then some of the irreducible representations 
of the group &2 will be at least two-dimensional. In this 
case the form of the stiffness matrix will change and 
some blocks will occur more than once. Which will not 
only result in more simplifications but also in degeneracies 
if one considers the vibration or buckling problem, a ■ • . 
fundamental change in problem. If however G was non-Abelian 
and G is Abelian then in addition to decrease in simpli- 
fications, the degeneracies will be removed. (Remembering 
that degenracies me an only those which result from 
symme sry and not those due to particular choice of 
variables). If G-j, G and 


•are all non-Abelian, the 
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result is rot very specific and depends upon the type of 
problems etc. As an example, consider a system with -the 
symmetry group C^. Let the system is syrame triesed to C^. 

In the original system there was no trace for degeneracies 
while in the modified system the degeneracy is bound to 
occur. To bo more specific, if the spring mass system of 
Pig. 3.10(a) is considered to have the group C,, there will 
not be any indication about degeneracies in frequency, 
however if the same is considered to have the group C^ y , 
two of the frequencies will be degenerate because the 
same block of 2 x 2 in stiffness matrix will occur twice. 
Similarly if the system shown in Pig. 3.9 had Cg a or 0^, 
all the 4 blocks in the stiffness matrix would have been 
distinct and 4x4, but if one increases the symmetry 
from Qgg or 0^ one will end in C^ v , a non-Abe li an group 
which has 5-irreducible representations, 4 of which are 
one dimensional and one of them is two-dimensional and 
hence the stiffness matrix for these problems would break 
into four 2x2 blocks and two 4x4 identical blocks. 
Therefore there will be 4 frequencies doubly degenerate 
(in vibration problems). 

So far it has been assumed that the symmetry 

adapted basis has been chosen. In actual problems however, 

\ 

the finding of this basis itself remains a problem. The 
initial choice of basis plays very important role in the 
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sense that it eases the representation matrices. Two 

of 

natural choices/the initial basis rectors are following: 

(i) All the nodal co-ordinate systems are orthogonal 
and similarly oriented. 

(ii) The nodal co-ordinate systems are so oriented that 
the maximum number of them coincide with each other under 
the symmetry operations by a maximal sub-group of the 
group. This choice is very very helpful because the 
representation matrices have very simple structure and 
therefore the symmetry adapted basis can be easily found. 

5 . 3 TH3 HI SUITS 0 ? 1HT III 0HAPT5R AND G-SKS RALI ZATIQF 

BY USING GROUP TED ORY 

The results of III Chapter or for that matter the 
results of all earlier authors (20, 21, 22, 23) are 
special cases of the present result in the following senses 

(i) that here the nodes of the structural systems may 

be on the symmetry planes symmetry axes (or on the symmetry 
elements ) , 

(ii) that various symmetries whose groups have same 
irreducible representations are treated at a stretch, 

(iii) The orientations of individual vectors in the initial 
basis can be arbitrary. 

5.3.1 T he Structural S yste ms w i th the Symmetry Croups 
~°1h» °2 or S 2 

1h* ^2 an( ^ ^2 k ave same irreducible 


The groups C 
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representations (please see the appendix) and therefore 

these symmetries produce similar simplifications. (The 

symmetry adapted basis, however, may be different for the 

symmetry groups 0^, C ? and Sg). Therefore the results 

derived for are valid for 0^ and S? also in their 

corresponding symmetry adapted basis. Due to this, in the 

/ 

following, only 0^ is considered. Note that 0^ = <TV ! 
representing the mirror symmetry. There are two cases in 
this symmetry s 

GASS I; 1/hen the symmetry plane does not contain nodes. 
CASS II s When the symmetry plane does contain a number of 
nodes. 

These cases for the groups Cg and Sg are those in 
which the symmetry elements 0^ and i do not contain any 
nodes or contain some nodes where this is the axis of 
symmetry and is the inversion center. 


CASS I; 

In this case the system must have an even number 
of degrees of freedoms, the half of which are on one side 
of the symmetry plane and the rest half are on the other 
side of the symmetry plane. 


Let the initial co-ordinate systems for the two 


of freedom. The basis then is, 


e N 


+ 1 


e^). Let if = 


3.1. 

Let 

0 “ 

(s-j, 

' K 11 

k 12 

_ K 21 

k 22 


✓ 2 * • * 


5 I/2 j 


be the stiffness 
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matrix of the svs.tem. 


where are (il/2) x ( 11/ 2 ) 


matrices 


13 




in this basis. 


The IT-dimensional representation for this group 
is R = |d( 3), D(er) j : D(S ) is II x IT identity matrix. 
The D(g-) is found by finding the effect of on e. At this 
stage different kinds of numberings of basis vectors are 
possible and thus different matrices for representation R 
are possible. But the different kinds of numbering of basis 
vectors will not affect the final result because the result- 
ing representation matrices will be equivalent to each 
other (equivalent in the sense of IV Chapter). Let us first 


take that numbering in which (Te. = e T , T 

| +1 


(Te 2 e U 


+2 




= e. 


1\T * 


then 


D(<^ ) 


0 I 1 

il 0 J 


and thus the k(cr)=o 


and k(3) = IT. Therefore if B is reduced to R = c^R^ © c 2^2 
where R-j, Eg are irreducible representations of and 

where c^, C 2 are given by eq. (10) of the IV Chapter, i.e. 


n 


'm 2n 


k(g t ) k m (Si) = J- k(3) k m (E) = (L T /2) 


(k ( C) =0, k(S)= N ) 


‘hus c-j = c 2 = (l/2) and so R reduces to (li/2)R 1 © R ? i.e 


N 

-j ^ 2 ±Xm 2. 



5 


D(3) 


I 0 


0 I 


(arid D ( T) 


;■ l 


o 


I 0 -I 


where I is (ii'/2) x (N/2 ) identity matrix, in the symmetry 
adapted basis. The eq. (4), i.e. KH = EK means now 
(where K is in symmetry adapted basis), 


K 11 

IT 

^12 

1 I 

i 

0 ! ; I 

o i 

1 

; F 

! 11 

k 12 : 

_ 


« 

' l 0 

i ~ 

i 

j 


_*21 

*22 : 

-I \ ■ 0 

-I 1 

,*21 

*22 _ 


which implies 


*11 


0 


or r^ 12 ^2"1 


0 i .e . j£ = 



However, this much is not enough, K^, ^22. be 

known in terms of and therefore the knowledge of 

symmetry adapted basis is needed. 


Prom eq. (11) of IV Chapter the projection operators 
are given by, 

/, s n 

T?\ ■ ' = ’V r D . . (g-, ) g-, which for C 1b reduces to 

1=1 

P^ = 3 + (7 , and P^ 2 ' ; =3 - C 

Therefore the symmetry adapted basis is the set of il 
linearly independent vectors from, (3 + C ) e ^, 

(3 + C7 ) e 2 • • • • (3+ o') e^ T and (3 -CT) e^, (3 - (T ) e 2 ..... 

_ _ -j 

(3 -d) e-,T. These are e 1 = - (e 1 + e„ ), 

u i2 | +1 

"j 

6q “ (So ) ? * c o • * 6^ t ” JIT ( ^ * 

2 J2 2 f + 2 | J2 | 
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1 


1 l 
2 


■e 1 ) , 


(" e v ~ 1 / ? 

1 i 2 | +1 |+2 


1 (, 

/2 


/ ? 

7T +2 


'( e Hj e TvT ^ 


2 

. . . ( 6 ) 


where ~-~ 
i ^ 


xs a normalising iactor. 


le a 


i e 1 i 


i e 2 


! . I = 


I . i 


I e„ 


x 

42 


I I 


-I ! 


'1 i 


e-i ! 
iN 1 


or e = be. 


Under this change of basis, the stiffness matrix gets 

-1 

transformed to ShS = SKS which should be nothing but 
that obtained by applying the schur lemmas i.e. 


SKS 


i 

i 

r i 

i 

i~ 

i 

i p+i 

£ 12 j 

I 

I 1 

r 

= K = 

-Kn 

0 " 

2 

1 1 

- 1 

j 

[ K 21 

K 22 j ! 

I 

-I j 


0 

f 22. 


or 


1 

; tv 4. jr . -t 

""11 ""22 ""12 

+ K 22 

K 11 

1 

ro 

ro 

K 12 

+ K 21 

2 

K 11 " k 22 + K 12 

- K 21 

\ 

l-M 

+ F 
"22 

- k 12 

^ 

CM 

W 

1 


x "11 

0 


- T r + fvc - jr ) 
■12 ‘"22 - u 12 2 1 


0 


which means ‘that, 


"22 


0 and ""11 

k 22 


\ ^1 +K 22 +K 12 +3 W 
1^ K 1 1 +K 22~ K 1 2 _K 22 j 
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This verifies the form of the stiffness matrix 

obtained in section 3.1, i.e. Ji = ' under the 

B A 

condition stated there. The present method indicates that 

the stiffness matrix will have same form even for the 

symmetry group Cg and 3p provided the initial basis is so 

chosen that half of the basis vectors coincide with the other 
under 

half / Og and i respectively. 

In the basis e = (e-j, eg .... e^) one has to 

invert now two matrices IC-j-j and Egg which are now (U/2) x(ll/2 
instead of one matrix of 11 x 11. The solution vector in 
the original basis is at once obtained by applying S =3 
to the solution vector obtained in symmetry adapted basis 
i.e. by the additions and substractions of proper components 
of solution vector in this basis and multiplied by -g . 

The corollaries of section 3. 1 also follow from this 
result by similar arguments as in section 3.1. Here, 
however, it has been shown (in section 5.2) that the mass 
matrices of the structural systems will have exactly similar- 
forms as that of their stiffness matrices. 

If the numbering of the basis vectors is such that 
C r e-| = e T<T> C eg = e w_-| • • • » * cTe^ = then the 

i 2 +1 

N-dimensional representation matrix D( Cf ) is given by, 
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D( cr ) 


the counter identity. 


The reduced representation o: 


;iven by 


R = (N/2) © (K/ 2 ) Rg because in this case also, 

k( C ) = 0, k(s) = N. This means that in symmetry adapted 

basis the matrices D(R ) and D( " ) have following forms : 


I 0. 


I 0 


D(e) - and D(0T )= U =(N/2) x (hr/ 2 ) identity 

01 0 -I , . N 

J - - f matrix). 


This implies that the stiffness matrix will again reduce 


to the form K = ! 


in the symmetry adapted basis. 


However the symmetry adapted basis will be different from 
that of earlier case and will be given by basis vectors 


e 1“r- 0 ^ e 1 

j 2 


e 2 = r~ (e 2 


e N-1^ * 


e E ^ e N + 

2 2 2 


\!2 ^ e 1 -e N ^ 


|+2 J 2 


V-V • 


e„= ~(e TT - e~ ) 
i>! /tt N flu-r 


Thus the symmetry adapted basis e is attained by following 
transformation 


^ i i e 1 

1 I 

! I e~ i 


or e e = se 

i.C -14 


1 
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The corresponding transformation of stiffness matrix is 
given by 

K = SKS" 


fi oil 
1 1 ! ; 

| K 1 1 

-‘12 

1 Ti 
l! 

° ]_ 

f i ° ' 

1-1 

1 

0 

[CM 

1 

- K 2 1 

k 22 J 

t 

1 o 

-i j ' 

i, 0 K 22 J 


or 


k^+ck^c + k, 2 c + ci: 21 k 11 g-ck 22 -k 12 +ck 21 g j 

[CK 11 -E 22 +CK 12 0 - K 21 CX.fr K 22 -CK 12 -K 21 C j 


if o 
x 1 1 ^ 


0 TT ! 

u -22 


i .e • 


-jC-CK22"’K-|2 ^Eg^C^Q which can be true only 


if 


K is centro-symmetric ieo if 


i° 

rt 

w 


K i 1 

X I 
12 | 

*0 

c ~ 


K n 

1 

iV 1 2 

I n 

L 

0 ! 
a 

i 

; 

L K 21 

^22 J ■ 

n 

y 

0 

| 

[hi 

¥ 

22 _ 


(K- • = k! , i, D = 1, 2) 

J- 1 - 


or if CK 2 -jC = K^ 2 , 0K 22 0 = K^. This shows that the 

stiffness matrix is centro-symmetric in the original basis 

and in the symmetry adapted basis 
r -i 


If 


K 11 
0 K 


0 

22 


where K.., = K. 

I i 


1 + K 12 


0; K 22 = K 22 - CK 12 


J 


This illustrates the fact that numbering of basis vectors 
does not matter as for as the simplification, of the problem 
is concerned. The stiffness matrix is bound to be block 
diagonal if the symmetry a dapted basis is chosen. 


Comming to the orientations of basis vectors, it 
is also immaterial. However, as remarked earlier, a choice 
of proper orientation eases the problem of getting 
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symmetry adapted basis and the subsequent block form 
stiffness matrix etc. As an illustration, consider the 
above case but with such orientations of e^, e 2 •••• e^, 
that C r e 1 = - e TT , cre 0 = - e„- , . . . . (T = - e„. 

• ib , i c. ii o H lM 

2 " 1 2 t2 2 

The 1-dimensional representation of the group is now 

where D(E ) = IT x K identity matrix 

and once again the reduced representation 
is given by R = (lT/2) R^ © (iT/^Rg which 

implies the same kinds of blocks in It is 
the symmetry adapted basis. 


S=\U(E), D( ; J ) ) 


and 


D( cr ) = i 


I -I 


-I 


0 


The symmetry adapted basis is generated by the two projection 

f 1 ) (2) 

operators P v ' = E + CT and P v ' = E - CT and is given 
by 1 - linearly independent vectors out of'. 


(E +0 ‘ ) e -j s (S + CT) eg • 
and is given by vectors 


(E+CT)e ir (j 


-CT)e- (E-CJ) 


e IT 


1 = - (e v 

1 fz 1 


) 


1 


xT . 7 * 

“2 +1 


(e 0 +e- T ) . . 

d (~r\ <— i'i t r\ 

v2 2+2 


_1_ 

42 


e N ^ e ]si +e IT ^ ’ 





This basis is same as given in eq. 
thing that followed after eq. (6) 



( 6 ), 

remain 


. . . e 


IT 



e N” e N 

2 


therefore every 
s valid for this 


(7) 


case also. 


in 


Therefore, numbering or orientations of original • 
basis vectors is immaterial so far as simplification resulting 



except the side labour which 


from symmetry is concerned 
is needed due to inconvenient original basis. 


CASS II 


let ’ m’ degrees of 
plane . If If is the tot 
IT-m must be even because 
degrees of freedom will be 
rest 2 (N -m) will be on 
original basis be given by 

e V e 2 e N -m 5 e h-m , 1 

'2 2 

Let these be so oriented 


freedom ne coming on the reflection 

of 

si number of degrees/freedom then 


of 

SJ'lilu] 

•Q try, 

i.e. 

(1/2) (I!- 

m) 

on 

one 

side 

of 

CT and 

CD 

£ 

the 

oth 

er sid 

e of 

CT * Let 

the 

VQ 

c tor 






a o o 

e U+m 
‘ 2 ’ 

e H+m 

2 

... e, T 
+1 aJ 

• 

and 

numbered 

that, 




rfe. 






= e., and 

n-m h 

2 ' 


^• e !T -m 


+1 


-e. 


h -m 


■+1 


6 — ~~ — 6 -- 9 0 t\ T 


e,. 


h-m, m , i 

— — +m .j + 1 



+m 


2 


Then the H -dimensional representation 


R is given by D(S ) 


hxN 


identity matrix and. 


jj 


(cT) = 


1 1 


t/here I, 1^ and 80Ce 

II =m II -m , 

x -~ 2 ~ , x m 1 and 

m ~ m 1 x m ~ m 1 identity matrices,. 
2 2 

respectively. 



'd-l'd 


The characters of R are k(l) = IT, k ( CT ) = 2m - 

■ ' ; c v / if R is reduced to R = c^R^ ® c p R p where = ^(H+2m-m-j; 

1 ‘ 1 

and c p - -j, (iT-2m + rn^) or c ^ = ~ (!7+m) + ( 1/2 ) (m-m^ ) and 

”1 "1 

Cg “ (H-m) - 2 (m-m^ ; determined from eq. (10) of IV 

*1 

Chanter. Since c-, and are positive integers and 4(l7+m) 

! £ C. — 

is a positive integer therefore m-m.. must be even or zero. 
Therefore, the stiffness matrix will now break into blocks of 
j (H-2m+m 1 ) x ~ (IT -2m + ) and ^ (l7+2m-m^) x 1 (U+2m-m^) 

and the arguments of symmetry are applicable. To be specific 
the following example will be considered. 

Rxamnle s Consider a spring mass system (Pig. 3.1.b) with 
the symmetry group C^. The system has 21+1 degrees of 
freedom with the 17+1 th. mass coming on the reflection plane. 

The basis vectors are as shown in Fig.( 3 . 1 .b ).The effect of this 
on basis vectors is as follows s 


CT e i 3 l'I+2’ & s 2 e N+3 » * * * * L ' 3 21T+1 811(3 < ^ e F+1 e N+V 

Therefore the 217 + 1 dimensional representation of C ^ is 
given by matrices, D(P ) = 21+1 x 217+1 identity matrix and 


1 ( 0 ") = 


-1 


I 


where i is SI x 17 identity matrix. 


L 1 1 

Therefore the characters for R and k(3) = 217+1 and k(cr) = -1 
Therefore R is reducd to R = c.j R^ @ c 2^2 where c r C^ are 
given by eq. (10) of IV Chapter and are ^ (21T+1 -l) and 
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1 

t> (217 + 1 + 1 ) i.e. IT and 17+1 respectively, i.e 

where I and 1^ are 17 x ; 
and I'T+1 x 17 + 1 identity 
matrices respectively. 



Therefore in syrame try ad apted basis the stiffness and mass 
matrices will break to 17 x 17 and 17+1 x b+1 blocks. The 
symmetry adapted basis e for this case is 1 ;und to be 



5 217 + 1 7 ’ 


e rr a. i 

JL’J < I 


l ( \ l / > 

J~2 ' e 1 " e lT +2 J & ®2 e !7+' h 


^ e N e 2N+1' ) 


The above is obtained by eq. (11) and (12) of 17 Chapter 
which in here is (E + ) e^ (i=1,2, .... 217+1). The 

transformation matrix associated with this symmetry adapted 
bassis is given by e = se i.e. 



_1 

Under the transformation SICS = SKS, the original stiff- 
ness matrix E gets transformed to block diagonal matrix 
of 17 x 17 and 17 + 1 x 17+1 blocks. The original stiffness 
matrix K will have the form, 
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where b Is a colura matrix, a is 
a number and A is N x IT matrix. 


an d Sivd 


The mass matrix is aiag. (m^ m pT- + 'j)« Therefore 

the natural frequencies are given by two determinants one 
of order 1 and the other of order H+1. Thus far the 
5-ma.sses & 6-springs system of Pig. 2.9, stiffness matrix 


k^+fc 

CM 

M 

i — H 

1 

0 

0 

0 


Mi 

CM 

1 

* 

C\J 

~' : 3 

0 

0 


m 2 

0 

k 3 

KN 

<M 

r\ 

k 3 

- 


0 

0 

0 

k r k 2 

-k 2 


m 1 

0 

0 

V 

'3 

-k 2 

XV ^ ^ 


nig 

***** 





-j 


h-j+kg — 


k 0 +k^ 
2 o. 


2k^, 0 - 

3 3 

0 k-j+kg “ k o 


;-,2k 3 -k 2 k 2 +k 3 | 


and SMS = M 



Therefore the frequencies are given by, 


det 


k 1 +k 2 -m-jW 


-kr 


K 2 +k 3 3 2" 


0 


and det 


2k,-m,w 
3 5 

0 

-i2k. 


0 


9 

iv ^ +k„ m. w 
1 ^ 1 


7^ 

”iv 0 


? 21c- 


"3 . “2 

which can be solved in no time. 


k 2 +k 3 _ mw 


Thus group theory is able to use symmetry in all 
situations and grinds the stiffness matrix to block forms 
irrespective of the initial choice and numberings of the 
co-ordinate systems* 


5.3*2 T he Struc tu ral S ystems TTith the Symmetry G-roups 

n r> Ti 

u _ 2_v ? _^ 2h ■ a ^2 

Section 3*2. of III Chapter was exclusively devoted 
to the symmetrical structures with C 2v where this type of 
symmetry was called n the double orthogonal reflection plane 
symmetry '’and where the symmetry element C 2 was not used* 

That procedure is not applicable if some of the nodes are 
situated on the reflection planes 0~ ^ or CT 2 * The procedure 
also required definite types of four global co-ordinate 
systems. Croup theory removes all these deficiencies and 
deals with different kinds of symmetries given byrC 2v , 0 ^ 311(3 



Dg at one stretch. Two cases, one corresponding to no 
nodes on symmetry elements and the other in which nodes are on 
symmetry elements also, are discussed separately. In the 
following only ^^y considered and the cases with or 
go : hand in hand with this except for the differences of 
symmetry elements. 

CASS I 

In this case the number of degrees of freedom must he 
devisible by 4 i.e. | is an integer. Let initial basis 
vectors be, 



Let they be so oriented and numbered that, 



e 1 ' 


’ e v 


U } 


® rz-.r 



r 1 


f +1 


? i +1 

Cf 1 

e 2 

O 


r 2 

r*~~ 

^ 1 

e ?T 

2 d 

! 

e,, T 

2a +2 


e *F 


' 

! e ?T 
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: 

i. 


L 2 - 

; 9 

® ^T.j 


e L 






- T\ 

| 

- 


and 



e-, 

! 


e, 7 

l +1 


V 


4? +1 

C\J 

b 

e 2 

= 

e„ T 

|+2 

CT 2 

j 

o 

= 

® -TTT 

M + 2 

# 


S-t 

JL'J 

4 _ 


l 

e 3N 

4 _ 

: i 

9 

A 

O 

e, T 

itf 

2 ^ 

i 

i 

CD 

^ • • • * 

l . 



C- f I 


2 

~2 


cro =3 and CTi 0L = ^2 C ' 


and noting that (T.^ - u 2 ’ i ~ i 1 ‘"'2 

the IT-dimensional representation ' 3 ? oi C ?v is given by 


D(E) = 


I 


C) 

I 

0 

o’ 

I 


i 

0 

0 

0 

~r 

o 

Q 

— V. 

il 





X 

0 

0 

0 

I 

i i 

; 

0 

0 

I 

0 


d( <r 2 ) - 


where I is si 


“0 

0 

I 

o' 




1 

I 

0 

0 

0 

I 

and ! 

3(0 = 


I 

I 

0 

0 

0 


d 

\ 

I 








I 

0 

I 

0 

0_ 



- 

J 


4 X 4 


identity matrix. Since the stiffness 

matrix must remain in— variant under R, it will assume the 

form shown in section 3*2. The irreducible representations for 

these groups are given in Appendix Table A-2. let the 

reduced representation of 3 be R = c-iR., © c 0 R 0 ©• c^R^ @c,R, 

' I 2 2 0 0 4 4 


whe re c -, = 


which was found in Chanter 4. 


'2 3 4 4 

This shows that the stiffness matrix will break into 4 blocks 

T\T TVT 

hi d 


he projection operators for 0 2v . 

P 1 ^ =3 


are 


( 2 ) 

P v ; = E + C 2 - 


1 


rr 
"2 * 


of ^ x ~ provided symmetry adapted basis is chosen. 

P^ 1 ' ) =E+ C 2 + (J 1 + <J 2 , 
X, ~(m and 

C \ (L CL \ 2 

(4) - / 

P = E - C 2 - CL + U 2 ' (.Here the 4 irreducible represent- 
ations are one-dimensional and thus eq. (IT) of IV Chapter 
should be use with no suffix on P^^). The symmetry 
adapted basis is given (by using eq. (12) of IV Chapter), 
by, P^ k '*e i (k=1,2,3,4, i = 1,2, .... IT) and are IT linearly 
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normalised vectors out of these. Recalling the effects of 
<T"i? ^2 011 basis vectors one has the 

symmetry adapted basis vectors as 



2^ e 1 +e I 






+ e N 


4 2 


6-zat "*■ 

3N 







i e M 

1 A. 



e N 2 ^ e n e N + e 3fl~ 
2 4 2 4 



The corresponding transormed stiffness matrix in this new 
basis is f = SKS. Since this basis is symmetry adapted 
therefore K will be block diagonal 3 each block of ^ x j f x,e * 
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K = 


where K. ■ are the partioned sub-matr.ioes of K inj*riginal 
basis which are equivalent to the matrices A, B, C> D of 
the section 3-2. Therefore the solution of the problem 
in the symmetry adapted basis e is found simply by inverting 
the four (N/ 4) x (N/4) matrices K . . (3=1,2, 3, 4). This 

J J 

result tallies with that of III Chapter (section 3.2) becaus 
the initial choice of basis is same as that of section 3-2. 
However, this sort of choice of the initial basis was not at 
all necessary here. Any arbitrary initial basis would have 
served the purpose and the only difference that would have 
come was that the representation matrices and also S and K 
would have been in complicated form. But these complications 
no more restrictone to use the symmetry arguments to simplify 
the problems. 

To get the solution in original basis, one has to 
transform the solution of the symne try adapted basis by the 
matrix S ^ = S. Note that the matrix S is orthogonal 

because the symme try ad apted and initial basis vectors are 
always chosen to be orthogonal in IT-dimensional space. 
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All that has ben said about the structural systems 
with Ogy is valid for the structural systems with C ^ or 
Dg* The symmetry adapted basis will of-course be different 
for different symmetry group, if the initial basis for all 
of them is same. However, if initial basis is chosen to be 
such that the basis vectors of one part of the structure 
coincide with those of other parts under symmetry operations 
by the symmetry elements of the corresponding groups, the 
symmetry adapted basis vectors may have same expression in 
terms of the initial basis vectors for all of the three 
groups and hence all of the three groups may have same ’S' and 
same forms of stiffness matrices in their respective basis. 

CASE -I I When some of the nodes come on (J ^ , 03 or 0^, then 

the basis vectors corresponding to these nodes will behave 

differently from other basis vectors under symmetry operations 

and therefore they should be seperated out from the rest of 

the basis vectors. Let there be m such degrees of freedom 

(or basis vectors). Then II -m must be a positive integer 

4 

(from symmetry). Let the rest of the fi'-m basis vectors be 
chosen similar to those of CASH I. Then if these are, 


e -] •> e 2 * 


if -m if -m 


4 


+ 1 


6-vr 9 6 -.t- 

im -m iM -m 


+i 


e 3(L-m) ’ 3(N-m) +1 

4 4 ' 


'N-m then cr ^- etc. are 
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exactly similar to case I with I?-m replacing F. Let out of 
m basis vectors on the symmetry elements, m-j belong to CTj 
mg belong to O' g and belong to Og and . 

let and m-jg basis vectors respectively do not change and 

change their signs under (J^ . 

Let nig^ and rr ^ basis vectors respectively do not change and 
change their signs under Og- 

Let and m^g basis vectors respectively do not change and 

change their signs under 0g° 

One can now find out the N-dimensional representation 
matrices D(l), DCO"-]), D( CTg ) and L(Cg). D(S) will be 

IT x If identity matrix and l(Cr-j), iKcr^) and D(Cg) matrices 
have similar forms as in CASH I for the N-m basis vectors 
not lying on the CT-j, CT^ and Cg. 

Once the representation is found one can immediately 
know the dimensionalities of the blocks in which the stiffness 
matrix will break. The symmetry adapted basis and the 
corresponding transformation matrix S can be obtained 

from the representation and the projection operators for the 

l\J k ) O’ u 

group have been already found in Case I. 

5.3.3 Th e Structural Systems with Symmetry G-roup^C ^ : 

For this type of system also, there are two cases. 
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CASS I; When nodes do not occur on the axis of symmetry 
CASE II s When some node occurs on the axis of symmetry. 



The case 

I was disc 

ussed i 

n the III Chapter 

and 

there 

was 

no 

me an s to 

con 
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the II- 

•eas< 

e the re . 

The se 

two 
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be 

de alt 

sepe 
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• 






CASE 

Is 
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be N- 

degrees 

of 

freedom 

such that 


(N/n 

) = 
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i teger 

. let 

the 

basis ve 
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« # 0 ° 
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e N 

> e F 
—-4-1 

0 9 0 0 

e 2N 

’ 8 2N * 

+ 1 

' • e 3^ » * 

o 0 0 • o 

e N 

be so ■ 


n 

n 


n 

n 

n 




chosen 

that C n 

8 1 

= e 'T 

-+1 

» C n 

e 2 

- e«. • • 

— +2 

. . C 

n 


~ ^ 2 f 





n 



n 


n 

n 

o 

ts 

CD 

TI 

ti-f] 

= e 2N 

J 

+1 

n 

n 

e -T 
— +2 

e 2N 

• . . C 
+2 n 

e 2N 

= 

e^j etc 

~ 


n 

n 


n 

2 

n 




Therefore the IT -dimensional representation matrix for 
symmetry element is. 


D(Cn) 


“I 


I I 




■1 


of section 3-3* 


T 


Note that D(C n ) would have been T-j = A^ if either the 

C was a clock-wise rotation or a different numbering of 
n 

the basis vectors would hav.e , been adapted. Now it is 


known that all other elements of the group C n are powers 


of C n , i 


n _ 


i 3 


rt n 

O a KJ 9 

• n 


n 


.. o "' 1 \ 

n I 


SO 


D(C 2 ) = I 2 (Cj, D(o^) - 


n 


d- (a n ) 


d(o“ b = D(o n ) 
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and this is why in III Chapter it 'was found that 


a = a 

1 


and i : 


1 


( 


r 


1 , 2 . 


n-1). Thus the 


s y mine try element 


n 


is the generator of the cyclic group 


Therefore the 11- dimensional representation of the 


n 

group C 
„n-1 


(I 


n 

or ji 


is 


whe re 


P =|l> •' T. 

K 1 


or A 1 ), ( T^ or A ^ ) 


;, 2 ' 

l 1 


T\ — 1 \ ? 

'K- The irreducible representations of this 


1 — 

group are given in Table 4.11. The group is Abelian and 
therefore every irreducible representation is one-dimension 
and hence in the stiffness matrix there will be n-distinct 

1ST T'T 

blocks of x — if symmetry adapted basis is chosen. 


The projection operators for this group are given bn 
n 


n 

V 


= hifsp Sj. or P (k) = 4- D k (g 1 ) g x 


ID 


1 = 1 


1 = 1 


where the suffices ij have been droped. Prom Table 4.11 
one can get now, 

( i ) 2 n-1 

1 > = v + n + C + - C 

n n «■>»"» n 


P 


=2+9.0 + 9? C 2 

In 1 n 


+ e ”" 1 c 3 ’ 1 

1 n 


)(3) _ Tn , a n x. q2 ~2 

~ ^ + G 2 °n + 9 2 G n + 


Q n-1 n n-1 
"2 "n 


>(n) 


+ Vi C n 


+ 9 2 1 C 2 
n-1 n 


+ 9 n h C n_1 
n-1 n 
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The symmetry adapted basis vectors are given by eq.. (12) 
of the IV Chapter, and any !!-lin®rly independent normali 
sed vectors out of P^ 

sy tame t ry ad ap te d basis vectors and ar e , 


(i=1,2, . ..c N) are the set of 


■d 


(D 


6-i + 6^ 
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+ e Q - T + 

^ - A 


+ e 
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n 




- _ -pd) 

6 r\ Jl G f~\ — S r\ ”1” S-n'f 

d d d I-] 


+2 


+ e 


2N 

n 


+ m o o • +6 


+2 


i-1 , 


n 


N+2 


> 0 ) 


n 


n 


e,r 


n 
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1 N_ 
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+ G 1 e 2N 
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1 2eL 
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e ii e : 


e, T +9 e o-t 
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n-'i -2IT ‘ n-1 1 

n n 


and multiplied by a normalising factor 


1_ 

#n 


• + 9 n_ k T 

n-1 jM 
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i.e. 


|n 


Note that the present S is nothing but I"*" of. section 3*3 

with some modifications (note that 9 =1). Therefore all 

n 

the results of III Chapter follow if the algebraic 
manipulations similar to that of III Chapter are carried out. 
The purpose here is not to repeat those, but to high light 
the use of the group theory. To this end one must note 
that if basis transorms with 8 then the components, 

, . i- 1* 

(i.e. co-ordinates) will transform by 8 or S for 

real or complex transformation matrices rspectively. Not 

much of emphasis has been given to this point in previous 

discussions bee ause the basis vectors have been understood 

T T 

to be the actual components and in fact SxCS and S KS are 
both have been called similarity transformation. 

CAST II let there be m-degrees of freedoms corresponding 

to nodes on axis of symmetry. Then if total number of 

degrees of freedom is N, N-m is a positive integer. Now 

n 

choosing similar basis as that in Case I for the N-m 




( 


degrees of freedom 'which do not lie on the axis of 
symmetry the transformations for these basis vectors remain t 
same as in Case I 


let the rest of the basis vectors 


transform under CL by a matrix A- Then the N-d intension al 

ii 

2 

representation matrices for the symmetry elements C , C , . 

ii Ii 

„n- 1 
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D(0 n ) = 


are 


A 


D(CT) 


2 _ 
n 


..2 

*1 


• I>(CL ' ) 


,,n-1 

A 1 


,n-1 

ii 


where A 


L 1 


. n*~ 1 

A^ are the matrices Ag 


n- 


of section 3.3 and are of H-m x IT-m. bote that instead of 
A^ one would have obtained 3 b = Ajf if either was a 
clockwise rotation or the numbering was different, let the 


tr.A = a r then the characters of the representation are 


t(c n ! 


a 


V 




cl 0 .co.. k(C 
2 n 


n-1 


) = k(B )=N-m+m = 


i . e o tr . 


,n 


m« 


Then if this representation 3 is reduced to, 

3 = c -j 3-] $ c 2 3 2 © .coo.. + c 5^, the values of c ^ are 

-i n 1 

given by, c r = n V k(g^) (g]_) (r=f!,2, . ...n) 

1=1 
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or 


1 
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1 ...... 
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°1 

© 2 

^ h • * ° * 6 3 ® 0 * # 

Q n-1 


, 1 

©2 

Q 2 

e n-1 
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9 n -1 

© 2 

* n -1 •••*•*• 

e n ~! 
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The moment one has determined the matrix A, one has found 


c 1f c 0 . . ... (which must be positive 


-j ? ^2 * ° ° • ■ 

integers ioS, 


n 


n-1 

+ . 2 

1=1 


a-, e x 
1 r 


for r = 1,2, 


n, must 


be devisible by n). Thus 
will break now, are of 
which need not be /17-m\ X 


(£■=£) 
n 


larger than /IT-m 


(iirS) x (-irSj 

n v n ' 


than 


(-^a ). 


(iizajx (S=S) 

n ' v n 


and 


the blocks in which stiffness matrix 

x c., c 0 xc 0 « ...... c x c 

1 ’ 2 2’ n n 

/M-m\ viz. some of them will be 
' n 

some of them will be smaller 

some of them will even be of 


The projection operators will remain same because 
they have nothing to do with the nature of problems. However 
symmetry adapted basis vectors will differ in those parts 
which are contributed by the vectors on the axis of symmetry. 
Thus if e = S e be the symmetry adapted basis then, 
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e^ T 


6 -.- 
i>i -m 


e, T 


where S -j is S of the Case I but of H-m x H-ra, -S 0 , S^, and S 
are some matrices depending upon the nature cf the matrix A 


Therefore the matrix A, which depends upon the problem 

2 s “3 


with which one deals, must be found first and then S 05 S T 


and S^_ follow from that. 


Similar analysis can be applied for the groups C^y, 
on same lines as that of C . The result will be that obtained 
in section 3-4 (Theorem 3 and 4). Sut gr^-mp theory can 
also accommodate nodes on 0 n or Cfy or on both. 

It can be seen now that almost all the difficulties 
encountered in III Chapter are resolved. There is no 
restriction on initial choice of basis or co-ordinate systems 
or even numbering of various degrees of freedom. The 
transformation matrix which block diagonalises the stiffness 
matrix is found by a definite procedure which is applicable 
for any kind of symmetry. 
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5-4 HIGHER SVHHTTRra IIT STRUCTURAL SYSTEMS: 

Some of the higher symmetries which car rot be 

used in full by matrix methods are those whose symmetry 

groups are C nv , D n or I> nh for r = 3,4, 5, . T, T fl , 

0 and 0^. The most usual higher symmetries in civil 

engineering structures correspond to C rjV . However in 

finite element methods, one may encounter symmetries with 

groups D n , T^h 5 ^ etc. The present work is not 

concerned with finite element methods and therefore only C 

will be considered. C 2 V was already considered and at 

present C^ y and C^ v will be considered. To author's 

knowledge, the irreducible representations etc. for the 

general C nv group are not available and therefore only 

particular cases will be considered here and that too 

a 

with reference to/few problems which have been solved in 
III Chapter. 

5.4.1 The G-roup C^ v 

A few systems whose symmetry groups are C^ v , are shown 
in Figs. 2.1, 2.2, 2.12 and 2.13. There can be many 

many such systems. As discussed earlier, for these systems 
the stiffnes matrix will break to one block of c-j x c^ one 
block of C 2 x c 2 80:1(3 two identical blocks of c^ x c^ 
where c-j, Cg, are the number of occurrences of the 

three irreducible representations R-j, R 2 ’ ^3 
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representation of the problem at hand 
consider the example -2 of section 

Example i 

let the initial basis be cho 
and the basis vectors be e 1 , e.-, ? e^, 
the effects of the symmetry elements 

=cr v cr = <t, cf = c^) m 

'This is given in Table 5-1. 
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TABES 5 . 1 



Therefore the 6-dimensional representation matrices are , 
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where 1=2x2 identity matrix. These matrices are special 

cases of the set of matrices A 0 . . . . A of section 3.2. 

12 m 


d( (Ti ) 


T 

X 1 

0 

0 " 


0 

0 

II 

0 

0 

x 1 

(d(ct 2 ) = 

0 

■ L 1 

0 

0 

X 1 

0 

9 


0 

0 


D(cr 3 ) 


o i 1 ° 

i 1 o o 

0 0 1 


whe re I 


1 0 
0 -1 


The characters for this representation are, 

k(3) = s, k(a 3 , oj) = o , k( <r v <r 2 , 05) = 0 


Therefore if the above representation is reduced to R = c^R^ 

©■ 02^2 ® c 3 -3 where R-j, Rg and R^ are available from 
Table 4.9 ,, and from eq. (10) of the IV Chapter and the 
Table 4.10, one has, 

n 5 x 1 i , 6 x 2 0 

1o 2 3 b 

Thus R = 0 R 2 © 2R^ which implies that the stiffnes 

matrix in symmetry adapted basis will break to one block 

of 1 x 1 , one block 1 x 1 and two identical blocks of 2 x 2 . 


The projection operators 


-dOO = 


n 

r 

1=1 


^kij ^ s l^ s l ? 


for this case are 


following: 
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The symmetry adapted basis vectors'* are any 6 linearly 
independent normalised vectors out of e-, . 3y using 

Table 5.1 and the first four projection operators one has 
the symmetry adapted basis vectors. 
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Therefore IC = SKS ^ = SKS^ is the stiffness matrix in 

the symmetry adapted oasis. Putting the expression for 
II from III Chapter (Example - 2 of section 3-3) one has, 
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where, 

Corresponding to (e^ + + e^) , K has its 1st row 
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Corresponding to (e^ - eg) » K has its VI th row 

"When these basis vectors are arranged ' ene has, 
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Therefore two frequencies are doubly degen£g»te because the 
same block is occurring twice. The frequencis are as were 

-T ^ ^ .. TTT . n i _ rm. -* - . _ i 


found in Illrd Chapter. The mode shapes are (e.,+ 

J 3 


+ e r ) 
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(e^ - eg) where x^ and x 2 will 


4 6 ^ ^ ^ 

have two values one corresponding to each frequency. Thus 


written in vector form, mode shape are 



where x^ and x 2 have two values giving altogether 6 modes. 

O O y 

Also x^ © x 2 = 1 and depends upon the relative 

X 2 

magnitudes of k-j , k 2 kg. 



5.4.2 The Group C-. 

A f : ew of the system whose symmetry group is G^ v , are 
shown in Pig. 3.9 and 5° 2. For the system shown in Pig. (3.9) 
there are 16 degrees of freedom. The basis vectors are so 
chosen (as in example 1 of section 3-3) that effect of various 
symmetry operations are as shown in Table 5.2. 
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i T where I is identity matrix of 4 x 4 = 



lOUflA^ 1 

I 
I 

As discussed earlier, this representation reduces to 
R = 2R-j © 2Rg © 2R-j © 2R^ © 4-R- in the symmetry adapted 

basis which implies that the stiffness matrix for this 
problem will break to four 2x2 blocks and 2 identical 4x4 
blocks which means one has to invert only four 2x2 matrices 
and one 4 x4 matrix in analysis and in buckling or vibration 
problem one has to solve four 2x2 and one 4x4 determinant. 
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The projection operators = '\ r? . .(g, ) g, , 
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nine try 

adapted 
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( 9 ) 


,Sq. ( 9 ) will be of use in next section. Following 

the routine of section 5-4.1 one can get the symmetry 
adapted basis for this case also and hence the transformat- 
ion matrix S which can be used to block diagonalise the 
stiffness matrix of example -1 of section 3-3 to four 2x2 
and two identical 4 x 4 blocks (the basis vectors should 
be arranged according to the symmetry species of after 
the transformation has been carried out. In fact this 
is a must in every problem with non-Abelian symmetry group 



in which case one has at least one irreducible represent- 
ation as two dimensional. 


All the above results are applicable to 
system shown in Fig. 3-6 if it is symmetrised 
to C_,j v . Thus the question posed in discussion 
of the section 3*2 is answered. The resulting 
cation is that here one has to solve four 2 x 
and one 4x4 determinant instead of four 4 
min ants as was the case in that example. 


cable 

from 

of example -2 
s-implifi- 
2 determinants 
x 4 deter- 


Similar analysis can be applied to systems shown in 
Tigs. 2.14 and 2.15 which have got - symmetry groups 
Gg v whose irreducible representations are shown in Appendix 
Table A-5* A corresponding analysis for any general C 
is reserved for later works. 


5 . 5 SY?§/I3TEI5S OF HO ILIA L MOTE S ITT NQN-hlTBAR VU33ATI0HS : 

A system linear or nonlinear is said to vibrate in 
normal mode when ? ((56) and (57))? 

(i) motion is periodic (i.e.all the degrees of freedom 
have same period). 


(ii) all the degrees of freedom pass through their equi- 
librium positions at the same time 

(iii) the displacements in all the degrees of freedom can 
be uniquely determined in terms of the displacement in 
one of the degrees of freedom. 
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However, in nonlinear systems the number of mode shapes 
can be more than the number of degrees of freedom (56) and (57). 
This distinction possibly arises due to the phrase "uniquely 
determined" in (iii), which is linear relationship in 
linear systems omA may be any thing in non-linear systems 
(including the linear relationship in which case the non- 
linear system is said to vibrate in "similar normal mode" 

(56, 57). In the following only similar normal modes are 
considered. The details of the work are not given and 
only the results of Yang (31) are sketched with their 
justifications. 

let the system has il-d agrees of freedom and let 
U(X) be the deformation potential energy then, 

1. The Yang's N x IT isometries A, 3,0, ...... (where 

A, B, 0 ... are such that U(AX) = U(X), U(BX) = U(X) etc.) 
which he finds by inspection, are nothing but the 11-dimen- 
sional representation matrices of the symmetry group which 
the system has. 

The truth of this follows from eq. 5.1 s i.e. 

U(RX) = U(X) where 3 =^D(g^), 3(gg) ..... is the 

! T -dimensional representation of the symmetry group 
G = Sg-j, gg ..... g n ^ associated with the system. 

• Thus one has ’ n ' IT x IT matrices under which the 
energy H(X) remains invariant. Therefore in the Ilnd 
example of Yang (31 ) there will be 8 matrices of 8x8 





because the symmetry group is of order 8. These matrices 
will be the 8-dimensional representation matrices of C. 

4 v 

and can be found by a dfinite method and not just by 
inspection. By inspection one can not know as to how many 
isometries will be there in a given problem. 

( 2 ) The invariant subspaces of iT-dimension al phase 
space (an invariant subspace is that subspace in which 
X and grad U(X) both lie) which Yang finds by finding 
the eigenvectors of the isometries A, B, 0 .... AB or ABA 
etc., are generated by the projection operators of the 
present work. 

The truth of this follows from comparison of the 
definitions of the projection operators and the invariant 
sub spaces. 
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Hote that L(cr) would have been Yang's isometry for this 
system. The projection operators for the group are 

1 ^ = Y t (T~ and ) _ 3 _ q- then J x^= x^+ 



J'-'- J 


^^ x -| ~ Xj ) “ x 2 ? 7 Xg would give 

nothing different from the P^ 1 ^, P^x-j). Thus 

X 1 + Xg = 0 and x-j - Xg = 0 are Yang's invariant sub- 
spaces of U(Z) which define two straight lines orthogonal 
to each other. These are the two modes of the system. 

5XAMPIE - 2 

Consider the system shown in Pig. 5.2 which is same 
as that of Yang's Ilnd example and for the sake of clear 
cotnparisions the same notations are used. 

The initial basis is chosen as shown in Pig. 5.2 
(which is very inconvenient basis however, but for the sake 
of - comparision it has been ado.pted). The system has the 
symmetry group C 4v = ^ 0^, 0 2 , C^, <o v C Gy 

There are 8-degrees of freedom. The effects of symmetry 
operations on these basis vectors is shown in Table 5.5. 


TAB IS 5-5 

THE BPP5CTS OP STIPE TRY OPERATIONS OP THE BASIS YSCTORS OP PIG. 
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Then the 8-dimensional representation R is given by 
the matrices, 33(11) =8x8 identity matrix and 


33(0 4 ) = 
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h( CT-j) and D(C 2 ) are the 


Note that the present 33(C?"^), 

Yang’s isometries A, C and I) respectively. Under all the 
above 8-matrices the deformation potential energy U(X), 
where X = (u-j, u g , u^, u^, v 2> v^, v^), remains 

invariant as can be verified from, 


U(X) =P((( 1 + ng-u^ 2 + (v 2 -v 1 ) 2 ) z -1) 
+ J?U( 1+u 3 -u 4 ) 2 + (v 3 -v 4 ) 2 )^ - 1) 




+ P((( 1 + v 4 - v^ 2 + (u^ - u 1 ) 2 ) £ - l) 

+ !’((( 1 + v 3 -v 2 ) 2 + (u 5 - u 2 ) 2 )'^ - 1) 

where 1 = the length of the springs and it has been assumed 
that potential energy results only due to change in length. 

Now there are 8 isometries (instead of Yang’s 4-' isometries) 
which have been obtained by a definite procedure. One can 
now use the Yangs procedure with these 8 matrices to get 
all that is required. 

However the above procedure is not needed and even 
the isometries are not needed. Only the knowledge of the 
Table 5.3 and the eq. (9) is required and it can be shown 
that all the invariant subspaces are obtained by 

P • (u v u 2 , u.y u 4 , v v v 2 , v 3 , 

8 will be linearly independent. 
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CHAPTER 6 


C OH C LUS I OHS AH D 


IOMITHDaTIOHS FOR FURTHER IS SEARCH 


The vague word symmetry with regard to structural 
systems has been precisely and elegantly defined with the 
help of what has been called the symmetry elements and 
symmetry operations. It has been shown that there is a 
direct relation between the structural symmetries and the 
symmetries of their stiffness matrices provided suitable 
co-ordinate systems are chosen and proper numbering of 
the degrees of freedom is done, e.g. the mirror symmetric 
structural systems have centro-symmetric stiffness 
matrices, the cyclically symmetric structural systems 
have cyclically symmetric stiffness matrices etc. 'These 
symmetries of the stiffness matrices follow from their 
invariance under, similarity transformations by a set of 
matrices which represent the symmetry transformations of 
the structural systems. It is also seen that the structural 
symmetries have nothing to do with the load symmetries 
except in the buckling problems where the stiffness 
matrices are functions of axial loads. The structural 
systems can also be regarded symmetric in the sense of 
the symmetries of their stiffness matrices even without 
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any trace of symmetry in geometry, topology or member- 
aggregate of the systems. However, it has been assumed 
that geometry, topology and member aggregate contribute 
equally to the symmetry of structural systems. 

The problems of rflection symmetric, double reflect- 
ion symmetric cyclically symmetric (and their combination) 
structural systems have been simplified by similiarity 
transformation of stiffness matrices by the matrices which 
are formed from eigen vectors of some sets of simple 
matrices which commute with the stiffness matrices and with 
themselves also and are nothing but the symmetry transform- 
ation matrices of the system and are easily obtained. Under 
such similiarity transformation the stiffness matrices 
get block diagonalised . At this stage a famous theorem in 
matrix theory and very much used in Quantum Mechanics 
convinces about the above similarity transformation. 
However, some inherent difficulties are encountered in such 
a procedure e.g. (i) to be able to simplify the problem a 
particular choice of the co-ordinate systems and a particular 
numbering of the degrees of freedom is required (ii) the 
problems with some nodes coaming on the axis of symmetry, 
on the planes of symmetry can not be dealt and thus the full 
symmetry of a structural system may not be used, (iii) the 

effects of increasing or decreasing the symmetries (i.e. 

the 

the symmetry elements) can not be seen from/ out set etc. 
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Due to these - inadequacies and difficulties in such a 
classical procedure, a need for better procedure is. 
thought. This better procedure is to handle the symmetries 
through algebra only and is accomplished by the 'group theory', 
the mathematics of symmetry. 

It is seen that the symmetry elements of any 

structural system form a group which is called the symmetry 

group of the system. Thus hundreds and thousands of possible 

to 

structural systems can be classified according/their symmetry- 

groups and therefore dealing with all possible symmetric 

/ a 

structural systems boils down to the study of/ few symmetry 
groups. The representation theory and the character tables 
of symmetry groups turned out to be very useful to tell 
the block diagonal forms of stiffness matrices obtainable 
through symmetry only. One can get the quantitative 
information about the possible simplifications due to 
symmetry, even without actually determining the stiffness 
matrices. One can also know the effects of increasing or 
decreasing the symmetry elements of a structural system 
just from the out set by knowing the resulting symmetry 
groups due to increase or decrease of the symmetry elements. 

The co-ordinate system in which the stiffness 
block 

matrices get/di agon alised are generated by what has been 
called the projection operators, when applied to the basis 
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vectors of initial co-ordinate systems. For every 
group there is a unique sot of those operators obtainable 
without any labour, from the irreducible representations 
and symmetry elements of the group. This co-ordinate system 
is called the symmetry adapted basis for the structural 
system. 

The application of group theory is in no way 
restricted by nodes on the symmetry planes or symmetry 
axes. The initial choice of nodal co-ordinate systems and 
numbering of degrees of freedom can be arbitrary. However 
a judicious choice of initial co-ordinate systems and the 
proper numbering of the degrees of freedom reduces the 
intermediate labour by quite a lot. Since many of the symm- 
etry groups have similar algebraic nature, therefore the 
symmetries corresponding to those many groups can be treated 
at a stretch which is not the case with the classical 
methods. Also the symmetry groups can be used either in 
full or in part (subgroups) to simplify the problems. 

The procedure developed in the present work yield 
the results of earlier authors (20, 21, 22, 23) as special 

H 

cases. 

Following is the procedure to apply group theory. 

(l) Recognise a few symmetry elements of the structural 
system. 
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(2) Find the symmetry group* 

(3) i'ind the irreducible representations and character 
table lor the group or use the ready made tables if available. 

(4) Find the projection operators of the symmetry group. 

(5) Choose a suitable initial basis and properly number 
the various degrees of freedom so as to get simplest forms 
of representation matrices. 

(6) . Find the effects of various symmetry operations 
on the basis vectors. 

(7) Find the representation of the group whose dimension 
is equal to the number of degrees of freedom. Find the 
characters also. 

(8) Find as to how many time each irreducible represent- 
ation is contained in this representation. These numbers 
give the dimensions of the blocks in which stiffness matrix 
will break through the use of symmetry only. 

(9) Apply the projection operators to the initial basis 
vectors and normalise the resulting linear combinations of 
the initial vectors. This will give the set of linearly 
independent vectors. These vectors willbbe, what has been 
called the symmetry adapted basis vectors. 

(10) Find the transformation matrix, whose rows are the 
coefficients of the initial basis vectors in the expressions 
for symmetry adapted basis vectors. 
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( 1 1 ) Apply transformation by the above matrix. 

(12) Arrange the rows and columns of the transformed 
stiffness matrix according to symmetry species of the 
irreducible representations. I'his will give the block 
diagonal form to the stiffness matrix. 

By using the methods developed in the III Chapter a 
few problems have been solved by hand. Had the present method 
not been used, it would have been rather impossible to 
solve them by hand (e.g. solving 16 x 16 determinan tal 
equation or solving 6x6 dterminantal equation of a 
fully populated matrix or solving 16 simultaneous linear 
algebraic equations etc. ) Thus the procedure of III Chapter 
is quite helpful. Group theory, however, when applied to 
the system shown in Big. 3.9 or 3.10(a) reduces the 
problems to more simple forms. The results of Yang (31) 
have also followed by use of group theory in a very 
straight forward manner. 

Quite a number of problems are there for further 
investigations. Application of group theory to structural 
systems with symmetry group C (for all n) is one of the 
work left for future. Application of group theory to 
non-linear structural systems is also left for further work. 
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The chaotic . equations occurring in theory of shells 
may be related to one another by some group of transform- 
ation So The application of group theory may be very 
fruitful in finite element methods where there arc thousands 
of degrees of freedom. 



APPENDIX 


TH3 IBB2DUCI3I3 


H3PS3333IATIGrl3 A3 3 CHIRAC 133. TASKS OP 
VAST 0U3 SYTT aIHY GROUPS 


The set of tables given belov are the irreducible 


representations of various groups- These tables are already 
available in the treatises or group theory. These are 
quoted here, for reference. At every stage, if one wants 
to use group theory for simplifying the problems of symmet- 
rical structural systems, these tables are required. They 
can be derived by using the materials available in IV Chapter. 
Note that several groups have same irreducible representation, 
e.g. G-j^, Cg and S 2 etc. all have same tables. Also note 
that the groups 0^, C R , C 2v , e ^ c " are Abelian groups and 
therefore for them the character tables and irreducible 
representations are one and the same and therefore no seprate 
table for character is given. H-j, P- 2 .... stand for the 
irreducible representations. 
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-9* 

1 

-9 

-9* 
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9 = 

e 
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The table for C is giver in IY Chapter (Table 4*12), 
the table for can constructed with the help of tables 

A-1 and A-2 by observing that Dg^ is direct product of Sg and 
A-2 Groups Whiclii H ave Some of the & rreducible 
Representations 2-Dimensional. 

The table for group C^ v and 0^ are given in 
Tables 4.9 and 4.11 (a). Their character table is shown 
Tables 4.10 and 4.11(b). The tables for the groups 
and D^, and D 2d are same as that for C~ y and C^. 



‘The Group 



-1 

f 

2 

3 

4 

5 

6 

For to p re 


T71 

Jtl 

n2 
\J s' 
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,-t3 

u 6 

''i 

°6 

C 5 

multiply 
entris by 

a 1 

1 

1 

I 

1 

1 

1 

1 

R 2 
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1 

1 

1 

1 

1 

-1 

r 3 
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1 

1 

-1 

-1 

-1 

1 

*4 

1 

1 

1 

-1 

-1 

-1 

-1 

11 

1 

-c 

-c 

-1 

c 

c 

1 

12 

0 

-s 

s 

0 

-s 

s 

1 

21 

0 

S 

~s 

0 

s 

-s 

-1 

22 

1 

~c 

-c 

-1 

c 

c 

-1 

11 

1 

-c 

-c 

1 

-c 


1 

12 

r\ 

~s 

s 

0 

s 

—6 

1 

21 

0 

s 

-s 

0 

-s 

s 

-1 

22 

1 

~c 

-c 

1 

-c 

— c 

-1 

where 

c = 0 

o s 60° 

, s = Sin 

60° 

and ±2 ( i 

5 2 = 

1,2) Bight 

to S 5 

or S r 

o 

me ams 

the ij element 

of the t? 

5 

or 

R^ matrices, 
o 


Tables for D^, D 3d 

T) 

> 6 J 

C 6h’ 3 6h’ 

n 

"4h 

and D 4h 

etc. 

follow 

from 

these taol 

es by 

observing 

that these 

groups are 

direct 

products 

of some two groups 

for which 

t able s are 

The 

given here. 

characters for C 

6v lor H 1> V 

H 3 

and 


same as representations (because these representations 


are 
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are one-dimensional) . The characters for 3^ and Eg 
are given below? 


/ ft 2 n \ 

w 6» 6 J 

( ,~i n 5 \ 

' ^ 6 * S 

,.3 

(tr 

v I 5 2 5 


-2c 

2c 

-2 

0 

-2c 

-2c 

2 

0 
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